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Abstract

GPTQ is Babai’s nearest-plane algorithm on the
lattice of the Cholesky factor of the layer’s in-
put second moment Y. In the high-rate, entropy-
coded regime it needs 3 log,(AM/GM) of its
Cholesky pivots more bits than WaterSIC, which
is within 0.255 bit of the rate-distortion limit for
every X; random rotations close most of this gap
in practice, and Ordentlich and Polyanskiy asked
for the worst-case gap between rotated GPTQ
and WaterSIC. We show that after a Haar rota-
tion the k-th pivot converges almost surely, uni-
formly in k£ > dn and over spectra v of bounded
condition number, to 1/S,(—k/n), a classical
formula from the theory of Lyapunov exponents,
and use it to answer the question. Over spectra
with condition number x the worst rotated gap is
1 logy k—logy In K+ 3 — 15 +0(1) bits, attained
only by two-point spectra, just & log, In k+O(1)
bits below the worst case without rotation, so ro-
tation cannot replace waterfilling in general. It
nearly can on real layers: rotation cuts the cost of
an n-fraction of outlier eigenvalues of size y from
about ny to /2 to leading order, but cannot re-
move spectral spread on a logarithmic scale; for
non-Gaussian weights it also adds a weight-side
rate cost, which we characterize exactly under a
standard high-rate assumption. On 96 Hessians
of Qwen3 and Llama-3.1 the rotated gap has me-
dian 0.04 bit and maximum 0.36 bit, against 2-5
bits in the worst case for the same condition num-
bers, and the limit matches it to within 0.009 bit.

1. Introduction

Layerwise post-training quantization replaces a weight ma-
trix W by W so as to minimize the output error E||(W —
W)z = tr (W-W)S(W-W)T), where & = E[zz ]
is estimated on calibration data. GPTQ (Frantar et al.,
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2023), which quantizes one input column at a time and
feeds the rounding error forward, has recently been shown
to be exactly Babai’s nearest-plane algorithm (Babai, 1986)
on the lattice generated by the Cholesky factor of ¥ (Chen
et al., 2026; Birnick, 2026). Its quality is therefore gov-
erned by the Gram—Schmidt lengths of that basis, the
Cholesky pivots 71, ..., T, of X.

Two remedies for the suboptimality of GPTQ are in use.
Rotation methods apply an orthogonal transform to weights
and activations before running GPTQ, either random (QulIP,
QulP#, QuaRot) or learned (SpinQuant) (Chee et al., 2023;
Tseng et al., 2024; Ashkboos et al., 2024; Liu et al., 2025).
(An optimal data-dependent rotation can even reach the lat-
tice bound (Keung et al., 2026); we study data-independent
random rotations, as in the open problem and in prac-
tice.) Waterfilling keeps the basis and assigns every col-
umn its own step size: WaterSIC (Lifar et al., 2026) reverse-
waterfills the rate across columns. In the high-rate, entropy-
coded regime the two can be compared exactly. WaterSIC
is within % log, % ~ 0.255 bit of the rate-distortion limit
for every 3, and GPTQ pays an additional

AM(71,y ... 70)

A) = 3log, GM(71, ..., 70)

ey
bits per weight (Lifar et al., 2026). The gap A is unbounded
over X, but on Llama-3-8B a random rotation brings it to
about 0.1 bit (Ordentlich & Polyanskiy, 2026b). Whether
rotation can replace waterfilling in general was left as an
open problem:

“It is an interesting open problem to estimate worst
possible gap (over possible spectra A\; > €) between
GPTQ with rotation and WaterSIC” (Ordentlich &
Polyanskiy, 2026b, §1I1-E).

We answer this question in the setting in which it was posed
(high rate, per-column entropy coding, Haar rotations), and
explain why the gap is nonetheless small on real layers.
Fixed-rate formats are outside this setting, and our conclu-
sions should not be read as statements about INT4-style
deployment (Section 7).

Contributions.
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Figure 1. High-rate rate gap of GPTQ to WaterSIC as a function of
the condition number . Solid: worst case over spectra without ro-
tation (the Specht ratio) and with a Haar rotation (Theorem 2); the
two differ only by 1 log, Inx + O(1). Dashed: the log-uniform
spectrum (Proposition 4). Dots: 96 Hessians of Qwen3-1.7B,
Qwen3-8B-Base and Llama-3.1-8B-Instruct (damping 1072), in
the worst (PCA) basis and after a Haar rotation (Section 7).

1. The limit of rotated GPTQ (Theorem 1). After a
Haar rotation, the k-th GPTQ pivot converges almost
surely to h,(k/n), uniformly in k& > on and uni-
formly over spectra v with bounded condition num-
ber. Here h,(t) = 1/S,(—t) is the harmonic mean
of the free compression of v. Consequently A —
1logy(D(v)/GM(v)) with D(v) = [; h,. The for-
mula for h,, is classical in the theory of Lyapunov expo-
nents (Newman, 1986; Kargin, 2008); our contribution
is its identification with GPTQ, a finite-n, per-pivot ver-
sion that is uniform in the spectrum, and the functional
D that governs the rate.

2. The worst case (Theorem 2), which solves the open
problem. For condition number «, the worst rotated gap
is 3 logy k —logy Ink + 3 — 5 + o(1) bits, and every
extremal spectrum is a two-point spectrum with mass ~
2/ 1n k on the top eigenvalue. Without rotation the worst
gap is 3 log, k— 3 1ogy In k — 57— 4 0(1). In the worst
case rotation therefore saves only %log2 Ink + O(1)
bits, and cannot replace waterfilling. The same holds
for the normalization \; > ¢ AM(\) (Theorem 3). The
proof rests on a log-convexity property of the first varia-
tion of D that pushes extremal spectra to the endpoints
(Lemma 1).

3. Why real layers are benign (Section 5). An 7n-fraction
of outlier eigenvalues of size y costs about nu in the
worst basis, but after rotation only ©(n?u), with con-
stant exactly % when the outliers matter (n?u — 00).
In finite dimension, r spikes are removed as long as
(r+lnn) > ;= 0(n?), a condition that is sharp up to
the factor  + In n. By contrast, spectra spread on a log-
arithmic scale keep the leading term, and rotation again
saves only % log, In K+ 0O(1). Together with Theorem 2

this describes when rotation suffices (Section 9).

4. Beyond Gaussian weights (Section 6). The WaterSIC
analysis models weights as i.i.d. Gaussian, under which
rotations leave the weight entropy unchanged. For real
weights, under per-column entropy coding, the gap of
rotated GPTQ to WaterSIC is the Hessian term of The-
orem 1 plus a weight-side cost Cy (@), and both can
be computed before quantization. Cy(Q) = U(W) —
UWQ) < U(W), where U is the classical transform-
coding gain plus a non-Gaussianity term.

5. Experiments (Section 7) on 96 real Hessians. The ro-
tated gap of real layers has median 0.04 bit and max-
imum 0.36 bit, against 2-5 bits in the worst case for
their x (Figure 1), and the limit of Theorem 1 matches
it to within 0.009 bit. In actual entropy-coded quantiza-
tion, the high-rate rate prediction holds to < 0.015 bit
at 4 bits per weight on all but one of 64 layers, and Cy,
is predicted from the weights alone with median error
0.0008 bit.

2. Setup

Layerwise quantization and GPTQ. Let W & R**"
be a weight matrix acting on inputs z € R™ with second
moment ¥ = E[zz'] € S7_, and let the distortion be
D=2Ltr(W-W)S(W-W)T). Write ¥ = U'U
with U upper triangular. The pivots

det 2(F)

m = V&r(xk | L1y

= Upy, = S TE-1) (2)
are the squared Gram—Schmidt lengths of the lattice basis,
where X.(%) is the leading k x k principal submatrix. GPTQ
with a common step « is successive interference cancella-
tion (Babai’s nearest-plane algorithm) on this basis, with
the coordinates ordered so that the first quantized column
is the last Gram—Schmidt coordinate (Chen et al., 2026; Bir-
nick, 2026; Lifar et al., 2026). Note that [[, 7, = detX
for every basis.

The rate gap. In the high-rate limit with per-column en-
tropy coding and @ — oo output channels, Lifar et al.
(2026, Thm. 3.3) show that, at equal distortion, Huffman-
GPTQ needs

3

more bits per weight than WaterSIC. WaterSIC uses per-
column steps o U,c_k1 and is itself within %1og2 21”—25 bit
of the waterfilling lower bound for every . The denom-
inator GM(\) = (det X)!/™ depends only on the eigen-
values Ay, ..., Ay, while the numerator depends on the ba-
sis. Since ), 7, = ;A — >, Up; (Ordentlich &
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Polyanskiy, 2026b), the worst basis is the eigenbasis (PCA
basis), where A = 1 log,(AM(A)/GM(A)); see also Chee
et al. (2023, Thm. 4). The same arithmetic-to-geometric
mean ratio of successive-cancellation pivots appears in the
analysis of zero-forcing decision feedback in communica-
tions (Cioffi et al., 1995; Forney, 2003).

Rotations. Replacing W ~ WV and z — V Tz for an
orthogonal V' leaves the layer unchanged and replaces X by
VTXV. We study V ~ Haar(O(n)); in practice random-
ized Hadamard transforms are used (Sections 7 and 9). The
open problem asks for sup A(V " XV) over spectra.

Normalization. Since A is invariant under scaling of X,
the constraint “\; > €” needs a reference scale. Our main
normalization is the condition number, (N1) supprv C
[e,1],i.e. k(X) < k := 1/e. We also treat the relative form
(N2) \; > e- AM(A). Throughout, v denotes a spectral
measure, v, = %Z] 0x,;» L := Ink, and AM, GM, HM
are the arithmetic, geometric and harmonic means of v.

Basis gap and lattice gap. Column orderings and lattice
reduction (LLL) change only the basis of the lattice; ro-
tations and per-column steps change the lattice itself. On
real LLM Hessians, full LLL reduction after a greedy or-
dering lowers »_, 7 by at most 0.37% (Appendix E.6).
The gap (3) is therefore essentially a property of the lattice,
which is why we compare rotations with waterfilling.

3. The Limit of Rotated GPTQ

Definition 1 (Pivot profile). For a probability measure v

on[e, 1] and s > 0, let
T, (s) = / - ji —du(w),  A(s) = / incz

T, decreases strictly from 1 to 0 on (0, 00). For t € (0, 1)
let s; be the root of T,,(s) = ¢ and set

tSt o Ty(st)
1—1 - Al,(st)’

hy(t) =

with A, (0) := AM(v) and h, (1) := HM(v), and

D(v)
2 GM(v)

D(v) ::/O hy(t) dt, A(v) = 1log

Theorem 1 (Rotated GPTQ pivots). Fixe,é € (0,1). For
each n let \,, be diagonal with entries in [e, 1] and empiri-
cal spectral measure vy, let V;, ~ Haar(O(n)), and let
be the pivots (2) of V. A, Vy,. Then, almost surely,

(i) maxsp<k<n |7Tk - h,,(k:/N)’ — 0

(i) |20 ™ — D(v,)| — 0;
(iii) |A(V, AuV3) — Av)| — 0.

The spectra need not converge. Moreover, for every r > 0
there are constants C,c > 0 depending only on (€,0,7)
such that the probability that any of the three quantities
exceeds r is at most Cne™ ", uniformly over all spectra in
[e,1]. If vy, = v, then vy, may be replaced by v.

Three remarks on the statement. First, the first én pivots
need no control: they are at most 1 and contribute at most §
to the average. Second, uniformity over spectra is what lets
us transfer the worst-case analysis of Section 4 to finite n
(Corollary 1). Third, the constants degrade as ¢ — 0, so the
bound is not quantitative for real layers with £ ~ 10*~10°.
The prediction is nevertheless accurate there (Section 7),
consistent with real spectra being a narrow bulk plus a
small fraction of large eigenvalues. That is the regime of
Propositions 2 and 3. Computing A(v) takes one eigen-
decomposition of ¥, followed by a monotone scalar root-
finding for s; at each point of a grid in ¢.

Proposition 1 (Properties of the profile). For every v on
e, 1]:

(a) h,(t) = 1/S,(—t), where S, is Voiculescu’s S-
transform. Equivalently, h,(t) is the harmonic mean
of the free compression of v by a projection of trace t.

(b) h, is continuous and non-increasing from AM(v) to
HM(v), and strictly decreasing unless v is a point
mass.

(c) fol Inh,(t)dt = [Inadv(z), the limit of Y, Inmy, =
Indet X.

(d) GM(v) < D(v) < AM(v), with equality in either
inequality only for point masses. Thus a Haar rotation
is strictly better than the worst basis, but strictly worse
than WaterSIC.

(e) If v <g V' (stochastic order), then h, < h, point-
wise.

Relation to prior work. The identity h, (t) = 1/5,(—t)
says that % In 7, converges to the k-th Lyapunov exponent
of a product of rotation-invariant matrices. In this form the
limit is classical. Newman (1986, Egs. (4) and (11)) gives
Eln 7 and its large- N limit, and Kargin (2008, Thm. 2,
Cors. 4-5) gives the operator-algebraic version, of which
Proposition 1(c) is Corollary 5. The same quantity appears
as the per-stream SINR of MMSE successive interference
cancellation with Haar spreading (Tulino & Verdd, 2004,
Example 2.51, §3.2.2.2). Our additions are fourfold:

* the identification m;, = Rﬁk for the QR factorization of
»1/2V (so R = U for V' XV), which links GPTQ to
this theory;
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» convergence of the pivots themselves (not their loga-
rithms), almost surely, uniformly in & > dn and in the
spectrum;

* the arithmetic-mean functional D(v) = fol dt/S,(—t),
which is what enters the rate;

* an elementary proof that avoids free probability.

Ordentlich & Polyanskiy (2026b, Eq. (33)) approxi-
mate the pivots by ratios of expected minors, mp =~

n_’; 1 eff (1)(‘2\) (an annealed approximation). We show that

for on < k < (1 —d)n its logarithm is within O(y/Inn/n)
of In h,,, (k/n), deterministically and uniformly over spec-
tra in [¢, 1] (Proposition 6). So on this range it is asymptoti-
cally exact, and the quenched and annealed limits coincide.
We are not aware of a finite-n, per-pivot result that is uni-
form in the spectrum, nor of a worst-case analysis of D(v);
in fixed dimension, Reddy (2016) identifies Lyapunov ex-
ponents with E log Ryy.

Proof idea (Appendix A). By the Schur complement,
7 = 1/[(Z®)~1)xx. Haar invariance turns this diago-
nal entry into Y, w?/7;, with w uniform on the sphere
and independent of the eigenvalues ~; of X(*); Hanson—
Wright (Rudelson & Vershynin, 2013) concentrates it
around +tr(X(®)~1. A Gaussian representation of the
first £ Haar columns, two Sherman—Morrison identities
and leave-one-out concentration show that this normalized
trace is close to 1/h,, (k/n). Interlacing gives Lipschitz
control in k£, which upgrades pointwise convergence to uni-
form convergence.

The two-point spectrum. For v, = (1—¢)d.+¢d1, equa-
tion 7, (s) = t is quadratic, and

(=t +e)t

(g+e—1)4+ [ et
< h, (t) < )
1—t <, () < 1—t¢ + 1—¢

The first ~ gn Gram—Schmidt coordinates carry condi-
tional variances == ‘f—j > e. A single step size cannot
adapt to them, and this is the source of the worst case be-

low.

4. The Worst Case: Rotation Cannot Replace
Waterfilling

Let P. be the probability measures on [e, 1], A*(e) =

sup,ep, A(v) the worst rotated gap, and Aj .(€) =
sup, % log, éﬁ% the worst gap in the worst basis. Recall
L=In(1/¢) =Ink.

Theorem 2 (Worst-case gap under (N1)). Ler 0 < e < 1.

(i) (Extremal structure.) A*(e€) is attained, and every
maximizer is a two-point measure vy = (1 — q)d. +

Table 1. Worst-case gaps in bits (exact, by one-dimensional maxi-
mization over g; see Appendix B.7). “Saved” is A} — A",

*

K Alone A asympt. (i) ¢ saved

102 1.53 046 0.18 0.39  1.06

10 432 256 2.50 0.225 1.76
108 735 527 5.24 0.149 2.08
10?2 16.82 14.22 14.20 0.073 2.60
10 75.61 7200  72.00  0.018 3.61

q61 with g € (0,1). Hence

InD(vy) + (1 —q)L
2Iln2

(numerically the maximizing q is unique; we do not
prove this).

(ii) (Asymptotics.) As € — 0,
A*(€) = $logy k —logyInk + 1 — 5 + o(1).

(iii) (No rotation.) Ak, .(e) = 3logy k — 3 logyInk —
&5 + o(1), the asymptotics of the Specht ra-

tio (Specht, 1960).
Consequently, in the worst case random rotation saves

Al — AF =

none

flogyInk — 1 + 515 +o(1)

bits, while the leading term % logy K is unchanged.
Corollary 1 (Finite n). If k(X,) < k and V,, ~
Haar(O(n)), then limsup, A(V,!$,V,) < A*(e) al-
most surely. Moreover, sup, s, <, Pr (A(VnTEnVn) >
A*(€) + 1) — 0 for every r > 0. Equality is attained by
spectra at the quantiles of V-

Proof idea (Appendix B). Write J(v) = InD(v) —
JInzdv, so that A = J/(2In2). J is continuous on the
compact set P., so a maximizer exists, and it is not a point
mass since J = 0 there. The Gateaux derivative of D in
the direction pn — v is [ ®, d(p — v), where

¢, (y) = — A il”f; ds + /1 - sz”s(i);/) ds

and h, = T, /A, . The first-order (KKT) condition says
that every maximizer v* is supported on the maximizers
over [¢,1] of ¥(y) = @,+(y)/D(v*) — Iny. The crux is
the following lemma.

Lemma 1 (Log-convexity). If v is not a point mass, then
u > @, (e") is strictly convex. More precisely,

d uy 7 v
%q)l,(e )—/Rhu(e ) £(u —v) dv,

with ((r) = €" /(1 + €)% That is, the derivative is the
convolution of the strictly increasing function v — hy,(e?)
with the logistic density.



How Much Does Random Rotation Help GPTQ?

Hence v o exp is strictly convex on [ln ¢, 0], its maximum
over the interval is attained only at the endpoints, and every
maximizer lives on {¢, 1}. In the natural coordinate y the
function @, is concave, which hides this structure: the right
coordinate is Iny. (Without rotation the first variation is
y/AM — Iny, which is convex in both coordinates; this
is the KKT proof of Specht’s theorem.) The asymptotics

.o . . 2
(i) follow fr(2)m explicit bounds on D(v,), namely % <

D(vy) S ﬁ, with the optimum at ¢* ~ 2/L.
The alternative normalization. The open problem does
not specify the scale. Under (N2) the large eigenvalues
are no longer capped at Ap.x, and the extremal structure
changes, but the conclusion does not.

Theorem 3 (Worst case under (N2)). Under )\; >
e AM(N):

(i) for every truncation Apmax < R Amin, every maxi-
mizer of A is a two-point measure, and A}, (€) is
the supremum of A over two-point measures that sat-
isfy (N2);

. 1 11 11 1

(ii) Ag(e) = 5logy ¢ —5loggIn ¢ — 5 — 575 +o(1).

Without rotation the supremum is % log, %, so the saving is
Llogy In L+ 1+ L +0(1). Numerically, the optimal two-
point spectra have mass q* = 1/L on an upper atom near
AM/q*, and the mean constraint is tight, so that Ayin =
e AM.

The proof (Appendix B.6) adds a Lagrange multiplier —/y
for the mean constraint. The KKT function is then no
longer convex in Iny, but a unimodality property of the
smoothed derivative (Lemma B.3) still limits it to at most
two maximizers, one of them at the left endpoint.

Interpretation. Under both normalizations the worst ro-
tated gap grows like % log, k, as without rotation. In the ex-
tremal spectra a fraction ~ 2/ In x (under (N2), ~ 1/ln k)
of the directions carries almost all the energy. After rota-
tion these directions occupy the first = gn GPTQ columns,
and a common step size cannot allocate rate to them; Wa-
terSIC’s per-column steps can. Real layers sit far below it
(Figure 1 and Section 5).

5. Typical Spectra: Outliers versus Spread

Real Hessian spectra have a narrow bulk plus a few very
large eigenvalues (Section 7). Here we quantify what rota-
tion does to each part. Proofs are in Appendix C.

Outliers cost 7/, after rotation. Let p, a be probability
measures on [e, b] and 3 a compactly supported measure on
[e, 00), and compare

/

v=(1-n)p+na, vi=(1-mn)p+nb.

That is, ' moves a fraction 7 of the spectrum to arbitrary
positions.

Proposition 2 (Outliers). Forn < 1:
(i) |1/hy(t) = 1/hy ()| < m/(et) forall t € (0,1];
(i1) o (8) < BE/(E =) fort > ;
(iii) |D(V) — D)| < L1t + 2p(AM(v) +

AM(v")), where 2nAM(v') < 2nb + 20> AM(B);

(iv) ifv=pand 3 =6, then D(V')—D(v) = in?p (1+

o(1)) as m — 0 and n*p — oo, with p fixed.

In the worst basis the same outliers raise the gap through
AM(v') — AM(v) = n(AM(8) — AM(«)), which is first
order in 7. A rotation turns this cost of ~ nu into one of
order 1%, with constant exactly % in the regime where the
outliers matter. The reason is that the first =~ nn GPTQ
columns successively absorb the outlier subspace: column
k still sees outlier energy ~ u(nn — k)/n, and summing
gives 11n?n /2. Rotation is therefore effective roughly when
n?p < D(v), that is, when 7 < /2 on the scale of
the bulk. The extremal spectra of Theorem 2, with n ~
2/1In k, are far outside this regime. With bulk on [, 1] and

=510, the leading-order estimate £ log, (1 + LE‘)/Q)
gives 0.0024 and 0.21 bit for n = 1074, 1073, against exact
rotated gaps 0.003 and 0.21 (without rotation: 3.05 and
4.70).

Finitely many spikes of any size. Proposition 2 is a limit
statement. Massive activations, however, are a few direc-
tions whose size may grow with the dimension.

Proposition 3 (Spikes). Suppose 3,, has n — r,, eigenval-
ues in [e, 1] and r,, eigenvalues j1; > 1, and let V2 be its
spectrum with the spikes replaced by 1. After a Haar rota-
tion:

s if r, = o(n), the pivots with k > én still follow
hyo (k/n), whatever the sizes pi;;

s if (rn +1Inn) Y py = o(n?), then A = A(V)) —
2n%n2 Zj lnp‘j + 0(1)"

* ifrn =o(n), then y_; jij = o(n?) is necessary, because
the first pivot alone is of order Zj i /m.

After rotation the spikes can therefore only lower the gap,
through the geometric mean. On our 96 layers, with spikes
defined as eigenvalues above 100 x the median and normal-
ized by the largest remaining one, (r, +1nn) >, u;/ n? <
0.03 (median 9 - 107%; < 0.2 at a 30x threshold). The
proof’s error term is a constant multiple of this quantity, so
it indicates the regime; Figure 2 is the direct check.

Spread on a logarithmic scale is not removed.
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Proposition 4 (Log-scale spectra). Let v, be the law of
k=Y, where U has a bounded density f on [0, 1] that is con-
tinuous at 0 with f(0) > 0. As k — oo, (Ink)?>D(v,) —

£(0)*¢(2), and
Aoy =E[U] - $log, k — logy Ink
+ log, f(0) + 3 log, ¢(2) + o(1),
=E[U] - $log, £ — Slogy Ink
+ 3 log, f(0) + o(1).

Anone

The leading term is again unchanged, and rotation saves
1 log, In K+ O(1), the same order as in the worst case. For
the log-uniform spectrum (f = 1) the profile is explicit:

t(1— e~ (=01
"= ey

This gives Aoy = § logy K—logy L+0.359+ 19244 2077 4
O(L~3) (Appendix C); the dashed curves in Figure 1 are
the exact values. Spectra whose mass sits near the top, such
as = € + (1 — €)uP, saturate instead.

6. Beyond Gaussian Weights: the Weight-Side
Cost of Rotation

The high-rate analysis of WaterSIC models the rows of W
as ii.d. N(0,0%,I) (Lifar, 2026, §3.1). Under this model
W and W (Q have the same distribution, and WaterSIC is
invariant to rotations. Real weights are not isotropic Gaus-
sian, and with per-column entropy coding a rotation also
changes the code length of the weights. The variance part
of this effect is the classical coding gain of transform cod-
ing (Huang & Schultheiss, 1963; Goyal, 2001). What is
specific to our setting is how it combines with the Hessian
term of Theorem 1.

Let the rows of W be i.i.d. with a density on R”, and let 01.2
be the variance of column W;. Write h(-) for differential
entropy in bits and heo (W) = 1 3= h(W)).

Assumption 1 (High-rate column entropy). For a step ma-
trix o diag(G;) with [, &; = 1, as o« — 0 the distortion
of successive interference cancellation satisfies D/a? —
ﬁ > &?m;, and the entropy of the i-th integer column
satisfies H(Z;) — logy L — h(W;) — log, d;.

Lifar et al. (2026, Thm. 3.3) prove Assumption 1 for i.i.d.
Gaussian rows. For general rows, the rounding offsets of
SIC depend on the other columns, and we take the assump-
tion as given; our experiments support it to ~ 0.001 bit
(Section 7).

Proposition 5 (Weight-side cost). Let () be orthogonal and
suppose Assumption 1 holds before and after rotation. At

equal distortion, as D — 0,

Rpwsic(WQ) — Rpwsic(W) — Cw(Q),
Raprq(WQ) — Rewsic(W) = A(Q Q) + Cy(Q).
Here R(WQ) is the rate for the rotated pair
(WQ,QTxQ), PWSIC  denotes  PlainWaterSIC,
and Cy(Q) = he(WQ) — heot(W).  Moreover

Cw(Q) =UW) —UWQ) exactly, where

AM(o?,...,02 1
Z/{(W) :%10 (O'la 7gg;+nZNeg(Wl) >0

2 GM(02, ..., 02

and Neg(X) = Llog,(2meVarX) — h(X) is the negen-
tropy. In particular Cy (Q) < U(W), with equality iff all
columns of W Q are Gaussian with equal variances.

The identity is elementary: it holds because >, 07 =
tr Cov is rotation invariant. The operational content of
Proposition 5 is the decomposition into a Hessian term and
a weight term, both computable before quantization. A ro-
tation trades the column non-uniformity of W for that of
waQ:

* The first term of U/ is the transform-coding gain of the na-
tive column basis, which a variance-equalizing rotation
gives up.

* The second term is non-Gaussianity, which random pro-
jections tend to remove (Diaconis & Freedman, 1984).

The same Gaussianization by rotation is used for entropy-
coding KV caches by Su et al. (2026).

Two consequences follow:

* PlainWaterSIC’s Hessian side is already basis free, so a
rotation changes only its weight side, and equalizing the
columns costs rate. We measured Cy, > 0 on all 64 lay-
ers.

* For GPTQ, rotation helps under entropy coding exactly
when the Hessian-side saving %log2 % exceeds

Cw(Q).

tion.

Both terms can be computed before quantiza-

7. Experiments

Setup. We use Qwen3-1.7B, Qwen3-8B-Base (Yang
et al., 2025) and Llama-3.1-8B-Instruct (Grattafiori et al.,
2024). From 8 evenly spaced blocks per model we take
the Hessians of the four distinct linear-layer inputs (shared
g/k/v input, o_proj input, shared gate/up input, down_proj
input). This gives 96 matrices with n = 2048-14336, com-
puted in float64 from 128 WikiText-2 (Merity et al., 2016)
training sequences of 2048 tokens. Unless stated otherwise
the damping is 102 - diag ¥, the GPTQ default. Rotations
are Haar, or randomized Hadamard D H,, (one round) and
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Figure 2. Finite-n high-rate gap (3) of rotated GPTQ, computed
from the Cholesky pivots of each rotated Hessian, versus the limit
of Theorem 1 computed from its empirical spectrum. 96 real Hes-
sians, damping 10~2, mean over 3 seeds. Haar: every deviation is
positive and at most 0.006 bit at this damping (0.009 bit over all
three). Hadamard (one or two rounds) deviates mainly on o_proj
Inputs.

D1H, DsH, (two rounds), each with 3 seeds. Synthetic
experiments, other dampings and all further details are in
Appendix E.

Theorem 1 on synthetic spectra. On five synthetic spec-
tra, |A,, — A(v)| < 0.017 bitat n = 256 and < 0.0004 bit
at n = 8192 under Haar rotations (Appendix E). Numeri-
cal maximization over measures with up to 8 atoms never
beat the best two-point spectrum.

Theorem 1 on real Hessians. Here the gap is computed
exactly from the pivots of the rotated finite matrix. Real
spectra violate the bounded-support assumption: the largest
eigenvalue is 103-10° times the median. The limit never-
theless holds (Figure 2), as Proposition 3 explains. Over all
270 (layer, damping) pairs, the Haar gap exceeds A(Vemp)
by between 5 - 1075 and 0.009 bit. At damping 10~2, ran-
domized Hadamard is within 0.01 bit of the prediction on
93% of the layers with one round and 99% with two. The
main exception is the o_proj input, whose covariance is
blocked by attention head: one round deviates by —0.013 to
+0.028 bit, and two rounds give gaps up to 0.026 bit below
the limit, which a random input permutation removes (Ap-
pendix E.3). On synthetic axis-aligned spectra, one round
gives gaps 0.02-0.15 bit below the limit, while two rounds
are indistinguishable from Haar.

Typical versus worst case. After a Haar rotation, the me-
dian gap is 0.041 bit, 85% of the layers are below 0.1 bit,
and the maximum is 0.356 bit (Llama block 0, g/k/v in-
put). The worst case A*(x) at each layer’s own condition
number is 2-5 bits (Figure 1). (The ratio, median 1.2%,
depends on &, hence on the damping.) Rotation saves a me-
dian of 0.15 bit over unrotated GPTQ and 0.85 bit over the
worst (PCA) basis. Removing the largest 1% of eigenval-
ues reduces the PCA-basis gap by 30-60% but the rotated

Table 2. WikiText-2 perplexity (seqlen 2048) at equal entropy-
coded rate. Entries with +: mean =+ s.d. over 3 calibration seeds;
other entries: seed 0 only. bf16: Qwen 16.72, Llama 7.22.

model bits GPTQ GPTQ+Had. PWSIC
Qwen3-1.7B 2 152.95 26.93 26.06

3 23.53 18.80+1.14 17.33+0.02
Llama-3.1-8B-I. 2 41.37 11.18 10.37

3 12.81 7.85 7.76

gap by only 0.005-0.02 bit, consistent with the n?u scaling
of Proposition 2. One effect lies outside our theory: unro-
tated GPTQ with act-order beats a random rotation on 27%
of the layers, including 19 of the 24 gate/up inputs. Axis-
aligned outliers do not explain this: there the top eigenvec-
tors are no more concentrated than elsewhere, and all 26
layers still win after clipping the largest 1% of eigenvalues
(Appendix E.3).

Rate side and weight-side cost. We quantized 64 layers
of Qwen3-1.7B and Llama-3.1-8B-Instruct with entropy-
coded GPTQ and PlainWaterSIC. Rates are ideal per-
column empirical entropies (Appendix E.4).

* Prediction accuracy. The equal-distortion rate gap
matches the high-rate prediction (3) at R = 4, in the na-
tive basis, with act-order and after Hadamard (Table E.3;
Figure 3 shows R = 2,3,5). The median error is
< 0.003 bit and the maximum 0.015 bit, except on Llama
block 0’s g/k/v input (near-dead input features), where
it is 0.07 bit. The per-layer rank correlation is 1.00 for
R > 3. At R = 2 the measured gaps are 0.02-0.03 bit
smaller than predicted.

» Weight-side cost. Rotating PlainWaterSIC costs Cy,, with
median 0.005-0.036 bit per layer type and 1.36 bit on
that Llama layer. The weights-only estimate of Proposi-
tion 5 predicts C, with median error 0.0008 bit and max-
imum error 0.034 bit. On that layer Hadamard makes
entropy-coded GPTQ worse (1.31 — 1.68 bit), because
C,, exceeds the Hessian-side saving; on the other 63 lay-
ers rotation helps.

End toend. We quantize every linear layer of all decoder
blocks with sequential GPTQ and report WikiText-2 per-
plexity (Table 2, Figure 3). As the layerwise gaps pre-
dict, GPTQ without rotation is far worse at 2-3 bits on
both models. PlainWaterSIC without rotation and GPTQ
with Hadamard are close. In the one setting with three
calibration seeds (Qwen, 3 bits), PlainWaterSIC was bet-
ter for each seed and much more stable (17.33 £+ 0.02 ver-
sus 18.80 &£ 1.14). This is an observation; more seeds and
models would be needed to generalize it. In the single-seed
settings the differences are within the seed-to-seed spread
of GPTQ with Hadamard.
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Figure 3. Left and middle: measured equal-distortion rate gap of entropy-coded GPTQ to PlainWaterSIC versus the high-rate prediction,
without rotation (left) and in the Hadamard basis (middle, same-basis gap), on 64 layers at R = 2, 3, 5; the dashed line is y = x. Right:
WikiText-2 perplexity at equal entropy-coded rate (lines; blue Qwen3-1.7B, orange Llama-3.1-8B-Instruct; seed 0) and of fixed-rate

INT-b g128 with and without Hadamard (crosses; rates include scales). Dotted horizontal lines: bf16.

Scope: fixed-rate formats. With fixed-rate INT-b and
group-128 scales the theory does not apply. There, Wa-
terSIC’s column multipliers give no gain (< 0.008 bit-
equivalent), the format itself costs 0.8-1.0 bit relative to
entropy coding, and rotation helps mainly through clipping
(Appendix E.4). After a Haar rotation, column ordering
is asymptotically irrelevant: the saving from greedy min-
pivot ordering decays like n~'/2 (Appendix E.5).

8. Related Work

GPTQ as lattice decoding. Chen et al. (2026) and Bir-
nick (2026) proved that GPTQ (Frantar et al., 2023) is
Babai’s nearest-plane algorithm (Babai, 1986). Chen et al.
(2026) also give error bounds without clipping and the min-
pivot ordering, and Birnick (2026) proposes an LLL-based
variant (Lenstra et al., 1982). The same view underlies ran-
domized and box-constrained decoders (Wang et al., 2026)
and finite-sample analyses of OPTQ (Zhang et al., 2025).

Information-theoretic PTQ. Ordentlich & Polyanskiy
(2024; 2026a;b) develop the rate-distortion theory of quan-
tized matrix products. WaterSIC (Lifar et al., 2026) attains
the waterfilling bound up to 0.255 bit for every input co-
variance, and shows that the GPTQ gap (3) can be arbitrar-
ily large. We answer the open problem of Ordentlich &
Polyanskiy (2026b). A recent survey (Jokar, 2026) notes
that the worst-case equivalence of rotation and waterfilling
was unproven; we show that it fails.

Rotations. Incoherence processing and Hadamard or
learned rotations (Chee et al., 2023; Tseng et al., 2024;
Ashkboos et al., 2024; Liu et al., 2025) are standard for re-
moving outliers. QuIP bounds GPTQ’s proxy loss under p-
incoherence (Chee et al., 2023); our limit is exact for Haar
rotations. Keung et al. (2026) show that an optimal data-
dependent rotation combined with error feedback attains
n det(Z)l/ ™ the lattice bound, via the geometric-mean de-

composition; we study data-independent rotations.

9. Discussion and Limitations

When is rotation enough? Theorem 2 and Proposi-
tions 2 to 4 together describe when a random rotation can
stand in for per-column rate allocation:

* The rotated gap is small when the bulk of the spectrum
is narrow on a logarithmic scale and the outliers satisfy
n’u < D(v).

* It grows like % log, x when the spectrum is spread on a
log scale, or when a fraction 2 1/1In x of the directions
carries the energy.

Deciding per layer needs no quantization run, and the rule
itself does not use our theorems. For each candidate ba-
sis (native order, act-order, and the rotation actually used),
compute the exact gap (3) from one Cholesky factorization
of the transformed ¥, add C, for the rotation (Cy, = 0
for a permutation), and keep the cheapest. If even that ex-
ceeds the tolerated overhead, use per-column steps. These
are rarely needed, but without damping o_proj inputs reach
0.63 bit after rotation, and on Llama block 0’s g/k/v input
the weight-side cost (1.36 bit) makes rotation harmful.

Limitations.

e QOur theorems are for Haar rotations, not the random-
ized Hadamard transforms used in practice, whose worst
case remains open. A rotation that makes Y asymptot-
ically free from the coordinate projections, such as a
Hadamard transform conjugated by a random signed per-
mutation (Anderson & Farrell, 2014), has gap at least
A(v) in the limit, so its worst case is at least that of
Theorem 2 (Proposition 7). Sign-only transforms are not
known to be of this kind (Appendix A.5).

* The gap (3) is a high-rate, entropy-coded quantity, ver-
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ified down to 3 bits (conservative by 0.02-0.03 bit at 2
bits); fixed-rate formats need a different theory. Proposi-
tion 5 relies on Assumption 1; the analysis is layerwise.

Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.
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A. Proof of Theorem 1 and Proposition 1

Throughout, v is a probability measure on [e, 1] and, for s > 0,

L= [ aw= [ me- [

Then T,,(s) + sA,(s) = 1and T/,(s) = — B, (s) < 0. Write h, (s) := T,(s)/A,(s), so that h, (t) = h,(s;).

A.1. Deterministic lemmas

Lemma A.1 (Well-posedness). T}, is a strictly decreasing continuous bijection (0,00) — (0,1), and s; € [e(1 —t),1/t].

Proof. Monotonicity and the limits are clear. The bounds follow from ¢ = T,(s;) < AM/s; < 1/s;and 1 — ¢ =
stAL(st) < si/e. O

Lemma A.2 (Monotonicity). Let py(dz) o v(dz)/(s + ). Then “th,(s) = —Cov,,(z, H%) > 0, with equality iff v
is a point mass. Moreover h,(s) — HM(v) as s — 0 and h,(s) — AM(v) as s — oco. Hence h,, is continuous and
non-increasing on [0, 1), strictly decreasing unless v is a point mass, and e < HM < h,, < AM < 1.

Proof. Note that h, (s) = E,_[z]. Differentiating,

h, = Ep,[z]E,, [sJ%z} —E,, [SJ%;]

Since « is increasing and 1/(s + ) strictly decreasing, the covariance is < 0, and it is < 0 unless p; is a point mass
(Chebyshev’s sum inequality). The limits follow by direct computation. Since s; decreases in ¢, h, (t) = h,(s¢) is non-
increasing in . O

Lemma A.3 (Uniform Lipschitz bound). For§ € (0,1), t + 1/h,(t) is Zz-Lipschitz on [5, 1], uniformly over v € P.

Proof. We have 1/h,(t) = A,(s¢)/t and ds;/dt = —1/B,(s¢), so

d s+ )2
%AV(St) = m S [1,1/6}

With A, < 1/e this gives | £+ < L 4+ -1 < -Z; on [4, 1), and continuity extends the bound to t = 1. O

Lemma A.4 (Continuity in v). If v, = v on [e, 1], then sup, |h,, (t) — h,(t)] — 0. Consequently D(v,,) — D(v),
GM(vy,) — GM(v) and A(vy,) — A(v).

Proof. Foreachs, T, (s) — T,(s). Fort € (0,1)and s’ < s;(v) < s” wehave T, (s') >t > T, (s"), s0 s:(vn) € (8',5”)
for large n; hence h,,, (t) — h,(t). At the endpoints, AM and HM converge. Monotone functions that converge pointwise
to a continuous limit on a compact interval converge uniformly (P6lya). Finally, Inz is bounded and continuous on
e, 1]. O

Lemma A.5 (Chain rule, Proposition 1(c)). fol Inh,(t)dt = [Inzdv. Hence D(v) > GM(v) by Jensen’s inequality,
with equality iff v is a point mass.

Proof. Let ¥(t) = [In(1+a/s;)dv+tIns, = min.so [ [ In(1+ 2z) dv —tIn z], attained at z = 1/s,. By the envelope
theorem ¥'(t) = Ins;. Hence F(t) := W¥(t) + tlnt + (1 — ¢)In(1 — ¢) has F'(t) = In£2£ = Inh,(t). Ast — 0,
s~ AM/tand ¥ — 0. Ast — 1,5, — Owith 1 — ¢ ~ s, /HM, so ¥(¢) = [In(s; + z)dv — (1 — t)Ins; — [Inzdv.
Therefore fol Inh, = F(1) — F(0) = [Inzdv. Equality in Jensen’s inequality forces h, to be constant, i.e. v to be a
point mass, by Lemma A.2. O

11
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A.2. Probabilistic tools
Lemma A.6 (Gaussian representation). Let G € R"** have i.i.d. N'(0,1) entries. Then G(GT G)~/2 has the law of the

first k columns of a Haar orthogonal matrix.

Proof. The law is invariant under left multiplication by O(n). The Stiefel manifold is a homogeneous space of O(n), and
an invariant probability measure on it is unique. (Equivalently, use the Gram—Schmidt construction G lezl, which differs
by a k x k orthogonal factor and leaves all traces used below unchanged; see Meckes (2019).) O

Lemma A.7 (Spherical representation). Let M = S(*) be the leading k x k block of ¥ = VT AV, with eigenvalues
Y1, ... Yk and let my, = %tr M=L. Then mp = 1/(M =) gr, every v; > Amin(A), and

(M~ gr, m) (ZWQ/% % Zl/%)»

with w uniform on S*~1 and independent of ~y. This holds for every diagonal A.

Proof. The first identity is the Schur complement formula, and the second follows from Cauchy interlacing. For O € O(k),

V diag(O, I,,—) is again Haar, so M £ OTMO. Write M = UTU " and take an independent Haar O’ € O(k). Then
W = O'TU is Haar given V, hence independent of T, and w = W T ¢}, is uniform on S¥~1. O

Lemma A.8 (Vershynin, 2012, Cor. 5.35). For an N X k standard Gaussian matrix A and r > 0, with probability at least

1 2e7° 2,
VN = VE =7 < $min(A) < smax(A) < VN +VEk + 1.

Lemma A.9 (Hanson—Wright, Gaussian case of Rudelson & Vershynin, 2013, Thm. 1.1). There is an absolute constant
¢ > 0 such that, for z ~ N(0, I,) and a fixed matrix M,

Pr(|z"Mz —tr M| >7) < 2exp [ — cmin(r?/||M||%, r/||M]])].

A.3. Proof of Theorem 1

Let O, = tr(X*)~1 = kmy. Every “almost surely” below follows from Borel-Cantelli: for each > 0, the probability
of the bad event is summable in n. The coupling of V,, across different n is irrelevant.

Step 1: 7, ~ 1/m;, uniformly for & > 6n. By Lemma A.7, conditionally on -y, (M 1)y 4 2T Az/2" 2 with z ~
N(0, ;) and A = diag(1/7;), where 1/v; € [1,1/e]. Let X = 2T (A — myI)z. Then EX = 0, || A — myI|| < 1/e and
| A —myI||% < k/e2. By Lemma A9,

Pr(|X| > rk/2) < 2exp[fckmin(r262/47re/2)]’ Pr(sz <k/2) < 9p—ck/4

Outside these events |(M ~ ) — myg| < 7. Since (MY, my > 1, also |7 — 1/my| < [(M~1)gx — mg|. A union
bound over k € [dn,n] gives a failure probability < 4n exp[—cén min(r?e?/4,7¢/2,1/4)], which is summable.

Step 2: for fixed 7 € (0,1) and k = [rn], my, — 1/h,, (k/n) — 0 as. By Lemma A.6, 5% £ §-1/2Bg-1/2
with S = GTG and B = Z?Zl /\jgjng, where ng are the rows of G. Hence Oy 4 tr(B71S) = Z 9; TB~lg;. Let
B; = B — )\jgjg;r and ¢; = ng;lgj. Sherman-Morrison gives g; B~ 1g] = ¢;/(1 + A;q;), hence the two exact

identities \
q; -1 ;45
I1) O, = —_ 12) k=tr(B~ ' B) = —_—
() O zj:l+>\jqj 12) k= tx(B7B) ;1+quj

Good event. Let 71 = (1 + 7)/2, so k < 7yn for large n. Apply Lemma A.8 to G_; (row j removed) with r = 3/n,
B = (1= /m)/4 Then Anin(GT;G_;) > con with ¢cg = (1 — \/71)?/4, for all j, with failure probability < 2ne—Hn/2,
On this event B; = ¢G';G_; and B = B;, 5o | B; ||, | B~ < (econ) ™.

12
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Concentration of q;. Given G_;, g; ~ N(0,1;,) is independent of Bj, and || B; '[|% < k[|B;'||> < (2cdn)~*. By
Lemma A.9,

Pr(|g; —tr Bj_1| > r) < 2exp[—cmin(r’e’cgn, recon)]
plus the failure probability of the good event. A rank-one update gives

\ig] B; %y 1
1+ Xjq; ~ econ’

0< trBj_1 —trB7 =

1
econ

Let Y = tr B! and p,, = max; |¢; — 9|. Then Pr(p,, > r +

) is summable in n.

A caveat. The Gaussian representation holds only in distribution, so we cannot conclude p,, — 0 a.s. on the probability
space of V,, directly. Instead we bound |my — 1/h,, (k/n)| by a deterministic function of p,,. This yields a summable
bound on Pr(|my—1/h,, (k/n)| > r), a probability that depends only on the law of my,, and we then apply Borel-Cantelli
on the space of V,.

Solving for s. Lett,, = k/n, s = 1/¢ and s* = s, (v,). The maps g — %’f\q and g — 7% are 1-Lipschitz for A < 1. So
(12) gives [tn, — T, (s)| < pn and (I11) gives Oy /n — A, (s)| < pp, using 755 = w3 Next, ¥ < k|| B7Y|| < (eco) 7,

and ¥ > T, (s) > t, — pp > 7/2 for large n. Thus s € [eco, 2/7], and s* € [e(1 —71),2/7] by Lemma A.1. Let b = 2/7.
On this range =7}, > ¢€/(b+ 1), 50 |s — s*| < pp(b+ 1)%/e. Since A, is e 2-Lipschitz and A, (s*) = t5,/hy, (tn),

1 < Bﬁ(l—F(b4F1)2>

L P
T, (tn)

_tn

O
n

mg —
on the good event when p,, < 7/4.

Step 3: uniformity over k € [0n,n]. The eigenvalues of X1 and $(*) interlace in [, 1], s0 O 41 — O € [1,1/¢].

Hence
@k’-‘rl — Oy Ok

ME41 — Mg = -

k+1 E(k +1)

has both terms in [0, e(k%l)], and |my41 — my| < - fork > 6n. Take a grid § = 79 < --- < 73y = 1 with mesh < 7.
Use Step 2 at the interior points and the exact identity m,, = 1/HM(v,,) = 1/h,, (1) at 73y = 1. With Lemma A.3,
limsup max |/my — ————| < a + 2n a.s.
n  k>én hy, (k/n)l — €b =~ €d?
Letting 7 = 1/j — 0 along countably many events, and using h < 1 < my, (so that |[1/my, — h| < |my, — 1/h|), Step 1
yields (i).

Step 4: (ii) and (iii). Both m; < Sire < 1 and hy, <1, so the indices & < Jn contribute at most J to each side. The
Riemann-sum error of the monotone function %,,, is at most 2/n. Hence limsup |1 3~ my — D(v,,)| < 26 for every 8, which
proves (ii). For (iii), GM(v,,) = (det A,,)'/™ is rotation invariant, and 1 3~ 7, D(v,,) > e gives |In £ 3 1, —In D(1,)| <
e_1|% S — D(vy)|.

Explicit probability bound. Tracking the probabilities through Steps 1-3, with grid mesh 1 = re6? /9 and accuracy r/3
in each step, gives

Pr ( max |m, — hy, (k/n)| > r) < Cne "

[on]<k<n
with C, ¢ depending only on (¢, 4, ), uniformly over spectra in [e, 1]. The bounds for (ii) and (iii) follow by taking 6 = /8,
and replacing r by er for (iii). O

Order convention. GPTQ’s effective pivots are conditional variances given the later coordinates (reverse Cholesky).
Under a Haar rotation the law of ¥ is invariant under coordinate permutations, so the forward and reverse pivot sequences
have the same law and Theorem 1 applies to both.

13
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A 4. Free-probability form and the annealed approximation

S-transform.  With ¢, (w) = [ 1% dv and S, (z) = (1 + 2z~ 1)t ! (2), taking w = —1/s; gives 1, (w) = =T, (s;) =
—t. Hence

S=0-D(-2) =5 = o

Here 1, is real analytic and strictly monotone on (—oo, 0) with range (—1, 0), so the real inverse agrees with the analytic
inverse near the origin.

Free compression. Let v, := D;(v®B!/*) be the compression of v by a free projection of trace ¢, with R, (w) =
R, (tw) (Nica & Speicher, 1996; 2006). Let g = G,,(0) = — [z~ 'du;. The relation 0 = R,, (g) + 1/g gives R, (tg)
—1/g. With u = tg this becomes G, ' (u) = (1 — t)/u, i.e. 2G,(2) =1 —tatz = (1 — t)/u = —s, which is T,,(s) =
Therefore HM (1) = —1/g = ts/(1 — t) = h,(t), which is Proposition 1(a).

t.

The annealed approximation. Ordentlich & Polyanskiy (2026b, Eq. (33)) replace the pivots by ratios of expected lead-
ing minors,

ann k €k ()‘)

FT n—k41 e (V)

where ey, is the k-th elementary symmetric polynomial. The next result shows that this approximation is uniformly accurate.
The bound is deterministic and has an explicit rate.

Proposition 6 (Annealed approximation). Fix e € (0,1) and 6 € (0, %) Foralln > 2and all \y, ..., A\, € [e,1] with
empirical measure v,

In 72— In hyn(k/n)‘ < (1—6 n 4)

In(n+1)
92 )

n

max
n<k<(1-0)n

Consequently, by Theorem 1, maXsy<k<(1—s)n |7k — T | — 0 almost surely after a Haar rotation: the quenched pivots
and the annealed approximation have the same limit.

Proof. Write Ej, = e(\)/(}) and aj, = In Ej. Since (})/(,.",) = =%+, we have the exact identity

7y = Ey/Er—1 = exp(ag — ax—1).
Step 1: a is concave (Newton’s inequalities). We show E? > Ej_1Ej;1. The polynomial P(z) = [+ A2) =
Zm (7"”) FE,,x™ has only real negative roots, and so do all its derivatives (Rolle).
* Differentiate k — 1 times.
* Reverse the result, i.e. form 2~ ¥+1 P(*=1)(1 /z); this keeps real-rootedness because no root is 0.
* Differentiate n — k — 1 more times.

A direct computation shows that what remains is the quadratic %' (Exy1 + 2Ex + Ep_12%). It has real roots, so its
discriminant is nonnegative, which is the claim. Since (Z) is also log-concave in k, e, is log-concave too.

Step 2: exponential tilting. For z > 0,let S, = Z B; with independent B; ~ Bernoulh( ) Expanding the product

1+z)\
gives
Zkek
Pr(S, =k)= ——F
[1;(1+2X))
Write G(z) = >_; In(1+2);) —klnz, sothatIne, = G(2) +InPr(S. = k) for every z. We have G'(z) = (ES; —k)/z.
G(z)

So G is minimized, and Pr(S, = k) = exe™ is maximized, at the z; with ES., = k, namely 2, = 1/s,/,, (V).

Step 3: Pr(S,, = k) > %ﬂ Let dj = Ine; — Ine;_y, which is non-increasing by Step 1. Pick 9 with —0 € [djy1, di].
Then j — j6 + ln e; is maximized at j = k, i.e. k is a mode of S.o. Hence Pr(S.e = k) >
Pr(S,, =k) >

+1’ and by Step 2 also

— n+1

14
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Step 4: the limit profile. Let ,,(t) = min,~o [ [In(1 4 za) dv,, — t1n z], so that G(z;,) = nV,, (k/n). Steps 2-3 give
[Iney —n¥,(k/n)| <ln(n+1).

Applying the same steps to A = 1 gives |In (}) — nH(k/n)| < In(n + 1), where H(t) = —tInt — (1 — ¢)In(1 — ¢t).
Therefore

ar =nF,(k/n) + rg, |re] < 2In(n + 1), F,(t):=",(t)+tlnt + (1 —¢)In(1l —¢).

By the proof of Lemma A.5, F (t) = Inh,, (¢t). By Lemma A.3 and 1/h > 1, Inh,,, is Ls-Lipschitz on [6/2, 1], with
Ls = 8/(€6?) uniform in v,.

Step 5: chords. Take 1 < m < dn/2 — 1. By concavity,

At — O Af—1 — Af—1—
kAm = TR <oy —apy < oL Thelom

m m

By Step 4 and the mean-value theorem, each chord equals In h,, (§) + O(In(n + 1) /m) for some £ within (m + 1)/n of
k/n. Hence

’(G:k —Qp—1) — lnh%(k/n” < Ls(m+1) n 41n(n + 1).

Let p, = v/In(n+ 1)/nand m = [/nln(n + 1)].

o If /nln(n+1)+2 < on/2,thenm +1 < dn/2andn > 4/5 > 8,50 2/n < p,. The right-hand side of the last
display is at most Ls(pyn, +2/n) + 4pn < (2Ls + 4)pn = (2% + 4)pn.

* Otherwise p, > 0/4: for n > 3 because then \/nln(n +1) > 2, so on/2 < 2y/nln(n+ 1); for n = 2 because
p2 > 0.7. Both ay — ai—1 and In h,, (k/n) lie in [Ine, 0], the former because it is non-increasing from In AM(v,,) to
In HM(v,,). So the error is at most ln% < % In % pn < 61(5—62;)”, using lné < % and 0 < 4.

n m

O

Rate and constant. The constant grows like x/82 with k = 1/e. At the condition numbers of real layers (103-10°,
Appendix E.3) and n < 14336 the bound exceeds In s and says nothing; its role is to make the limit rigorous and uniform.
The rate y/Ilnn/n comes from the chord argument and is not sharp. Numerically the error decays like 1/n: for the log-
uniform spectrum with € = 102 and for v with e = 1072, n times the maximal error over 0.1n < k < 0.9n stays near
1.3 and between 7.2 and 7.6, respectively, for n = 50-400.

Proposition 1(b), (d), (e). Part (b) is Lemma A.2. In (d), D < AM holds because h,, < h,(0) = AM, strictly unless
v is a point mass, and D > GM is Lemma A.5. For (e), x — x/(s + z) is increasing, so T, < T, pointwise, hence
st(v) < s¢(v') and hy < hyo.

A.5. Beyond Haar rotations

For a random orthogonal R,, let m; be the pivots (2) of £f := R, R,, and let F,(t) := %Indet(SE){ltn) =
L > k<tn In k. Consider the condition

(L) for every t € (0,1), the empirical spectral measure of (X)(L")) converges weakly to the free compression v; of
Appendix A.4, almost surely.

It says that $F is asymptotically free from the coordinate projections. Haar rotations satisfy it, and so do the fake Haar
rotations of Anderson & Farrell (2014).

Proposition 7 (Liberating rotations are no better than Haar). Ler ,, be deterministic with spectrum in [e, 1] and v,, = v.
(i) If (L) holds, then almost surely lim inf,, = >°, m; > D(v) and lim inf,, A(SE) > A(v).
(ii) (L) holds for R,, = W, H,W,, /\/n, where W, is a uniformly random signed permutation matrix and H,, a deter-

ministic Hadamard matrix (n runs through dimensions for which one exists).

15



How Much Does Random Rotation Help GPTQ?

(iii) For such rotations, taking 3., diagonal at the quantiles of v gives liminf,, A(XE) > A(v) for every v € P.. So the
worst case is at least A*(€) of Theorem 2.

Proof. Block AM-GM. Fix m > 2,5 = 1/m, k; = |idn] and m; = k; — k;_1. Within each block of pivots the arithmetic
mean is at least the geometric mean, so

m

S w2 > Mo (L (Fui6) - Fa( - 1)9))).
k=1 v

The limit profile. Let ®(t) := t [Inx dvy(x). By interlacing, the eigenvalues of every leading block lie in [e 1], where

In is bounded and contlnuous. Hence (L) gives F,,(t) — ®(t) almost surely. We claim that ®(¢ fo Inh,(s)ds.
Haar rotations satisfy the hypotheses of Anderson & Farrell (2014, Thm. 2.8) (their §2.9.5). By thelr Proposmon 2.6, the
expected empirical spectral measure of the leading block then converges to v4, so EF,,(t) — ®(¢). On the other hand,
Theorem 1(i) and Lemma A.4 give F,,(t) — fot In h,, almost surely. Since |In 7| < In %, they also give it in expectation.

Proof of (i). F,,(0) = 0and F,,(1) = % Indet X,, need no assumption. Letting n — oo in the block bound gives, almost

surely, .
liminlem@ > iéexp(l/“s 1nh) Z&h (&)
oo i=1 d.J

forsome §; € ((i—1)d, i), by the mean-value theorem. This is a Riemann sum of the continuous function h,, (Lemma A.2),
and it tends to D(v) as § — 0. Since GM(v,,) — GM(v), the claim on A follows.

Proof of (ii). Anderson & Farrell (2014) state their results for unitary matrices. Their signed permutation matrices have
entries +1 (their §2.7), a Hadamard matrix in their sense is real with H,,/+/n orthogonal (§3.1), and a real orthogonal
matrix is unitary, so the results below apply as stated. Note that U,, :== R, has the same form, since H,  is a Hadamard
matrix.

* By Anderson & Farrell (2014, Cor. 3.5), the leading-coordinate projection P = P|;,| and U,%,U, are asymptotically
free with respect to LE tr.

s The spectrum of PU, X,,U,[ P is that of the leading block plus n — |[#n] zeros. Hence its expected empirical spectral
measure converges to (1 — t)dg + tvy.

. VVOUnWOT has the same law as U,, for every signed permutation matrix Wy. So Anderson & Farrell (2014, Thm. 7.1)
applies: at every x, the empirical distribution function F' of this matrix satisfies Pr(|F(z) — EF(z)] > s) <
2exp(—ns?/(128(logn + ¢))), where ¢ does not depend on n or on the matrices.

* By Borel-Cantelli over rational x, the convergence holds almost surely.

Part (iii) follows from (i) and (ii). ]

Scope. Haar rotations attain equality (Theorem 1). So among rotations that make 3 asymptotically free from the coordi-
nate structure, Haar is asymptotically optimal for every spectrum, and doing better requires exploiting structure.

The randomized Hadamard transforms used in practice, DH,, and D, H, D H,, with random signs only, are not covered.
Whether the random permutation can be dropped is left open by Anderson & Farrell (2014, Question 3.3), and we found
no later result that settles it. For approximate message passing, random signs alone do give the same dynamics as a Haar
matrix (Dudeja et al., 2023), but that result concerns the algorithm, not spectra of compressions, and its authors note that
it does not follow from free probability (their Remark 7). For one round the permutation cannot be dropped in general. On
axis-aligned spectra one round gives gaps below A(v) that do not approach it (Table E.1). By (i), this is incompatible with
(L) if it persists as n — oco. For two rounds we have no such evidence. Their gaps on o_proj inputs are below A(v), but
inserting a random permutation brings them above it on every layer. On block-diagonal covariances built from the attention
heads, the deficit also decays as n grows (Appendix E.3).

Part (ii) also holds with two independent uniformly random signed permutations, R,, = W' H,,W,, /\/n. Indeed, the pair
(Wn, HIW! /\/n) satisfies the hypotheses of Anderson & Farrell (2014, Thm. 2.8): (W,, W, W/, W) has the same law as
(W,,, W) for every signed permutation Wy, and W,” H,! W/ has entries +1. Their Theorem 7.1 applies to R, as before.
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The matching upper bound A(X2) < A(v) + o(1) for fake Haar rotations is open. The independent version shows where
the difficulty lies. There L% = WTM W, with M,, independent of WW,,, so the column order is uniformly random: given
M, and the set of the first k coordinates, the k-th is uniform among them, and E[1 /7] is the normalized trace of the inverse
of the leading k& x k block, which (L) controls. But 1/7, is a single diagonal entry of that inverse. An upper bound needs
these entries to concentrate around their mean, uniformly in k, so that the pivots within a block are nearly equal. For Haar
rotations this is Step 1 of the proof of Theorem 1, which uses the rotation invariance of the leading block (Lemma A.7).
Second-order freeness, which describes fluctuations of traces, does not supply this concentration. Until this is resolved, the
positive results of Section 5 are proved for Haar rotations only.

B. Proof of Theorem 2 and Theorem 3
Let L =1In(1/e), J(v) =InD(v) — [Inzdv (so A = J/(2In2)) and v, = (1 — q)dc + gd1.

B.1. Existence

J is continuous on the weakly compact set P, (Lemma A.4), so maximizers exist. By Lemma A.5, J > 0 with equality
only at point masses, and .J (11 /2) > 0, so no maximizer is a point mass.

B.2. First variation

Lemma B.1 (Gateaux derivative). For v,y € P. and v,y = (1 —n)v +np,

%D(Vn)‘n:m_ :/q)yd(,u—y), (I),,(y) = —/0 }SLZ’Jr(sy)dS_i_/loo S}zl;(i)j)ds'

Proof. (a) Differentiability. Fix t € (0,1) and let F'(s,n) = )T, (
0sF = —B,, <0forn 6 [0, 1], hence on an open nelghbourhood of [0
Tu(s)=Ty(s)

By, (s) !s:st(n)'
(b) Uniform bound. For any p € P, and t = T,,(s) we have three facts:
* B,(s) > et(1 —t)/s. To see this, write B, = 1 [ ¢(1 — ¢) dp with ¢ = z/(s + ), and note 1 — ¢(x) > e(1 —t).

* |T.(s) —T,(s)| <min(s/e, 1/s).
e 1—-t>s/(s+1).

s) +nT,(s) —t. F'is affine in 1, smooth in s, and
, 1]. The implicit function theorem and uniqueness

of the root give 9,5, =

Hence |50, s:| < % < %, uniformly in¢ € (0,1) and n € [0, 1].

(c) Differentiation. D(v,) = |, ! tst( )dt By dominated convergence,

0
d 1 t T (St) - T, (St)
—D = K Y .
dn ‘(” /0 1—t B, (s¢) dt

(d) Change of variables. Substituting t = T, (s) and using 7% = h,(s)/s gives [~ @[Tu(s) —T,(s)]ds.

(e) Fubini. Write T},(s) — T, (s) = [k(s,y) d(p — v)(y) with k(s,y) = -7 — H{s < 1}. The integrand is bounded by
1/e for s < 1 and by 1/s? for s > 1, so Fubini applies. O

Consequently %J(Vn)|0+ = [, d(p —v) with ¢, (y) = D, (y)/D(v) — Iny.

B.3. Log-convexity (Lemma 1)

Proof of Lemma 1. Differentiating under the integral (dominated convergence on compacts),

W)= [ s

(s+y)
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With y = e“ and s = €,

_ e“‘""v _
v = [ ) St = [ H@ = @) = ).

By Lemma A.2, H is strictly increasing when v is not a point mass. Since ¢ > 0 and [ ¢ = 1, the convolution H x ¢ is
strictly increasing. Hence u — ®,,(e*) is strictly convex, and so is t,, o exp, which differs from it by a linear function. [

B.4. Extremal structure

Let v* maximize J and set ¢) = t),~. For every p, 0 > [+ d(p — v*). Taking pr = 6, shows ¢(y) < ¢ := [ dv* on
[, 1]. Hence ¢ — 1 > 0 is continuous with [(c — v) dv* = 0, s0 ¢ = ¢ = max ) on supp v*. By Lemma 1, ¢ o exp is
strictly convex on [In €, 0], so its maximum is attained only at the endpoints. Therefore supp v* C {e, 1}, and both atoms
are present because point masses have J = 0. This proves Theorem 2(i).

B.5. Two-point bounds and asymptotics

LemmaB.2. Letg(r) =r+ (1 —r)In(l1—r) =3, -, Wm_l) Forg € [0,1],

(1+e)g<1ie) SD(uq)gg(min(q—l—e,l))—I—g\ﬁ, and

Proof. Withp = 1 — g, the equation t = 2% + -7 becomes ts* +bs — ¢(1 —t) = 0 with b = (1 +¢) — (¢ + pe). Hence

ts = 3(=b+ Vb2 +dte(1—t)) € [(=b)4, (—b)+ + /te(1 — t)], and therefore
(g+e—1t), et

(g—t1+¢)
%Sh(ﬂg -t Viz¢

Integrate, using [ *=tdt = g(r) and fol \/t/(1 —t)dt = w/2. When q + € > 1 the upper bound exceeds 1 > AM > D

—t
and holds trivially. The bounds on g follow from its series. O

Asymptotics (Theorem 2(ii)). We have J(v,) = In D(v,) + (1 — ¢)L, since GM(v,) = €77
Lower bound. Take ¢ = 2/L. Then D > ¢*/(2(1 +¢€)),s0J > L —2InL +1In2 — 2+ o(1).
Upper bound. We split into three cases.
(A) ¢> 5. ThenD < 1,s0J < 2L.
(B) ¢ < /% Forsmalle, g +e < 2e'/® <1 soD <5e'/*andJ < 2L +1nb.
(C) /8 <g< i HerelnD <2Ing—1In2—In(1—q)+ O(¢'/*) and —In(1 — q) < 1.22¢ on [0, %]. Hence

J<L—-In2+max[2lng—q(L—-1.22)]+0(1)=L—-2InL+1In2 -2+ o(1).
q

Cases (A) and (B) are smaller by 2(L). Hence J* = L —2In L + In2 — 2 + o(1); dividing by 2 1n 2 gives (ii). Moreover
q*L/2 — 1 for every maximizer. In case (C) the bound f(q) = 2Ing — g(L — 1.22) + L — In 2 4 o(1) is strictly concave
with maximizer go = 2/(L — 1.22), and its maximum equals the lower bound J(v,1,) up to o(1). For ¢ = (1 + x)qo,
fl@)— f(go) = —[22 —2In(1+x)] + 0o(1) < —cs+ o(1) whenever |z| > §, with ¢s > 0. So for large L no ¢ with |z| > ¢
can be a maximizer. We do not prove that the maximizing ¢ is unique, although it is unique numerically.

No rotation (Theorem 2(iii)). Specht’s theorem (Specht, 1960) says that sup AM/GM over P. is attained by a two-point
measure on {¢, 1}. (The same KKT argument applies, since the first variation y/AM — In y is convex.) Parametrizing by
a =AM,

AM

In G T e [lna+

1—-a
1—e¢
which is attained at @ = (1 — €)/L with value L — In L — 1 + o(1). Subtracting (ii) gives the saving.

Ly,
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Proof of Corollary 1. By Theorem 1(iii) and its uniform probability bound, A,, — A(v,,) — 0 almost surely, uniformly
over spectra with £ < 1/¢, and A(v,,) < A*(e). For quantiles of v4-, Lemma A.4 gives equality in the limit.

B.6. Normalization (N2): proof of Theorem 3

By scale invariance, (N2) is equivalent to optimizing over Px = {v : suppv C [1,00), AM(v) < K} with K = 1/e. Let
Pr.r = Px N{suppv C [1, R]}.

Lemma B.3 (Unimodality). For a compactly supported, non-degenerate v on (0, 00), the function

ur— e “(H * () /H
1—|—6“ v)

is strictly decreasing, where H(v) = h,,(e").

Proof. Integration by parts gives (H * £)’ f H'(v)l(u — v) dv, the boundary terms vanishing because H is bounded.
Moreover e~ "“4(u —v) = e V(1 + ¥~ ”) 2, Here H’( Je=? = h/(e”) > 0 is bounded and not identically 0, and the
integral converges at both ends. For each v, (1 + €“~v)~2 is strictly decreasing in u. O

For 8 > 0 let ¥5(e") = ®,(e")/D — u — fe*. Then d%wﬁ(e“) = g(u)/D with g = H x{ — D — Dfe", and
g (u) = e“le "(H % {)'(u) — DS3]. By Lemma B.3, ¢’ changes sign at most once, from + to —, so g has at most two zeros.
Hence 13 o exp has at most two maximizers on any interval [0, In R]. If it has two, one of them is v = 0, i.e. y = 1.

Lemma B.4 (KKT with a mean constraint). Ifv* maximizes J on Pk g, there exist 3 > 0 and c such that - (y)/D(v*)—
Iny — By < con [1, R], with equality on supp v*; moreover B = 0 if AM(v*) < K.

Proof. By Lemma B.1 (after rescaling to [1/R, 1]), v* maximizes the linear functional y — [ 1o dp over Pg . Let V(a)
be the upper boundary of the closed convex hull of the curve {(y,¢0(y)) : y € [1, R]}. V is concave, and b* = [ 1o dv* =
max,<x V(a). Take 5 = 0if AM(v*) is a global maximizer of V'; otherwise take § to be a supergradient of V at a* = K.
Then ¥y (y) < b* + B(y — a*) everywhere, with equality v*-a.e., and hence on the support by continuity. O

Extremal structure. On Py g a maximizer exists, and by the two displays above it is a two-point measure on {1, yr}.
In the scale-invariant form of Theorem 3 the atom at 1 is simply Ay,iy; it lies at the bound € AM only if the mean constraint
is active, which holds numerically but is not proved. For v € P, moving the mass beyond R to R gives (%) ¢ Pr.r
with J(v)) — J(v), by monotone convergence for [ Inz and dominated convergence for D (since h < AM < K).
Hence supp, J is a limit of two-point values.

A refined two-point bound. Forg < 1,¢ < L andv = (1 — ¢q)de + ¢d1,

D)< (1+)glg+e)+¢ {1 +(g+€é)nd +4y/q+ 2\/2'}.
This follows as in Lemma B.2, now using v/b2 + ¢ < |b| + min(y/c, ¢/(2|b|)) and splitting the integral at |t — a| < /€.

Asymptotics. Write v, , = (1 — q)d1 + ¢d,,s0 J =InD — glny.
Lower bound. Withq=1/Landy = (K —1+¢q)/q,LemmaB.2 givesJ > L —InL —1—-In2—-O(InL/L).
Upper bound. Since D < AM, always J < In ﬂ = In(1 — ¢+ qy) — ¢lny. Split into four cases.

(A) ¢> 3. Ify < K34 then J <In(1+y) < 3L+ 1; otherwise J < L — 2 Iny < 3L.

(B) g < zandy < 16. Then J < In AM < In 16.
(©) g<gand16 <y < K/L?. Then J <InAM < In(1 +y/3) < L —3InL + O(1).

= Wl w\»—A

In (A)—(C), J is smaller than L — In L by a diverging amount.

(D) ¢ < 3 and y > max(16, K/L?). The refined bound gives D < 2(‘{Kq)(1 + O(L™?)) when ¢ > L?/K, and with

qlny > q(L —3In L) thisyields J < L —InL — 1 —In2 + o(1). When ¢ < L3/K, J = O(In L).
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Dividing by 21n 2 gives the claim. For the unrotated case, GM > 1 and AM < K give In é—ﬁ < In K, approached by
q — 0 with the AM constraint tight. ]
B.7. Numerical verification

* (NI) structure. For ¢ € {1072,...,107!?} and m € {2,...,8} atoms, 2304 multistart optimizations never exceeded

the best two-point value (by more than 7 - 10~1° bit), and all collapsed to {e, 1}.

* First variation and convexity. The formula of Lemma B.1 matched finite differences to relative error 6 - 10~7 on 40
random measures. Convexity in In y held on 300 random measures. At the optimal two-point spectrum, 1 (¢) = ¥ (1) to
1077, and 1) is strictly smaller in the interior.

* (N2). Over 5 values of €, m € {2,3,4,6} atoms and 48 starts each, the optimizer never exceeded the best two-point
value, which has one atom at the lower bound and a tight mean constraint.

Table B.1 lists the (N2) values; Table 1 lists the (N1) values.

Table B.1. Worst-case gaps under (N2), in bits. “Asympt.” is Theorem 3; A% is shown for comparison.

€ ANa q" ¢*L asympt. no rotation % log, % ANy

1072 0.950 0.179 0.82 0.999 3.322 0.463
1074 3.680  0.098 0.90 3.821 6.644 2.564
1076 6.734  0.066 0.91 6.850 9.966 5.272
10712 16240 0.034 0.93 16.316 19.932 14.219
107 75.083 0.009 097 75.111 79.726 72.000

C. Proofs for Section 5

Scaling. We have h., = ch,, D(cv) = ¢D(v) and A(cv) = A(v), because T, (s) = T,(s/c). Hence Theorem 1,
stated for [e, 1], applies to any compactly supported spectrum after rescaling.

Rank-r interlacing. For Hermitian A and Hermitian E of rank < r, with eigenvalues in increasing order,
Vier(A) <Yi(A+ E) < vipr(4),

where out-of-range indices are read as Foo. Indeed, on U N ker E, with U the span of the first ¢ + r eigenvectors of A (a
subspace of dimension > i), we have z " (A + E)z < 7,4, (A)|z||?; apply Courant-Fischer, and repeat with A + E and
—E. Consequently, if A and A 4+ F are positive definite with all eigenvalues > e,

[trA™' —tr(A+ E)7'| <r/e )

C.1. Proof of Proposition 2

(i) For each n, build diagonal A,, A} that share |(1 — n)n] entries at the quantiles of p, with the remaining entries at
the quantiles of « (resp. 8). Then v,, = v, v/, = v/, and the two matrices differ in » < nn + 1 entries. Use the same
Haar V,, for both. The leading k& x k blocks differ by a matrix of rank < r, and all their eigenvalues are > ¢, so by (4)
|my —m},| < r/(ek), deterministically. For k = [tn], Step 2 of Appendix A (after rescaling) gives my — 1/h,(t) and
mj, — 1/h,(t) almost surely. Hence |1/h,,(t) — 1/h,/(t)| < n/(et). The case t = 1 is direct: | [z~ 1d(v — V)| < n/e.

(i) Tp(s) < b/(s+b)and T < 1,s0t =T,/ (s¢) < (1 — 77)?”% + n. This gives s; < b(t%_nt) and h,/(t) < tﬁ—tn The
same holds for v.

ey A 4b2 1
(iii) On [2n, 1], (ii) gives A, hyr < 2b, 50 |hy, — hy| = hyhy|1/hy, — 1/h,/| < 4b%n/(et), which integrates to =1In -
On [0,2n], h < AM, so the integral is at most 2n(AM(v) + AM(v')).

(iv)Here v = p, v = (1 — n)p + nd,, and we write b’ = h,.

Lower bound. Fort < n,T,/(s) > nu/(s+ w) gives sy > u(n —1t)/t, hence h'(t) > p(n —t). Integrating over (0, 7), and
using D(v) < AM(p) < b,
D) = D(v) = gn*n—b.
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Upper bound fort < n. Ats = s,
b L

s+u " s s+p

t=1-nT,(s)+
Multiplying t —b/s < nu/(s+ p) by s+ p gives ts < p(n—1t)+b+bu/s. The lower bound on s; gives p/s; < t/(n—t),

SO
p(n —t) +b+bt/(n—1t)
1—t ’

B'(t) <

Integrating. Fix T = npu~'/? < 7 and split (0, 1) into three ranges.
* On (0,7 — 7), the display gives [ A’ < ﬁ [34% + by + 3byln ), using [/ ;—ftt <nhZ

< % The interval has length < 27, so the contribution

* On [n — 7,27], I is non-increasing, so b’ < h'(n — 1)
is at most 2 [n2ut/2 + by + byut/?].

« On [21, 1], (iii) gives [ A/ < D(v) + 010 L.

2n
Adding the three ranges,
1,2 2
5 b 1
D) — D(v) < 1?"_?? £ O(Pu 2 + by + by ) + = T1n o

Asn — 0and n?u — oo, every error term is o(n?u):

s PPut?)(Pp) = pm 2 = 0;

o« bnut/?/(n?p) = b/ (Pu)/* = 0;

 bnlnp/(n°p) = bl p/(np) — 0;

¢ the last term is O(n In %) = o(1).

The lower bound is also £7?x(1 — o(1)). Hence D(v') — D(v) = 311 (1 + o(1)).

Interpretation. The factor & comes from /() ~ p(n —t) ont < n: the first & nn pivots absorb the outlier subspace.
When instead %y — 0, (iii) shows that the outliers have no effect in the limit. The synthetic numbers in Section 5 sit
between these regimes and are close to the % formula.

C.2. Proof of Proposition 3

LetY = VAV and X0 = VT AV, where A° replaces the spikes, indexed by S,,, by 1. Write M, M for the leading k x k
blocks, my, mz for their normalized inverse traces, and 7 for the pivots of 3. We use the Gaussian case of Lemma A.9 in
the form

Pr(|x3 — d| > s) < 2exp[—cmin(s?/d, s)]. Q)

First claim (k > 6n). Lemma A.7 holds for any A, and 1/5; € (0, 1/e]. Step 1 of Appendix A only uses || A—m;I|| < 1/,
0 maxy>sn |(M~1)gx —mi| — 0 almost surely. Since M — M = 0 hasrank < r,, (4) gives |7y —mQ| < r,,/(edn) — 0.
Steps 2-3 of Appendix A for A° give m{ — 1/h,o(k/n) uniformly. Since 1/h > 1, eventually (M ')z, > 3, and
|7Tk — h| < 2|(M71)k:k — 1/h| — 0.

Second claim, middle range. Let K,, = [C}(r,, +1nn)] with C; = max(8,32/c). Since M° < I and M = M + P with
P > 0 of rank < r,,, we have 7; < 1 fori < k — r,,. Hence, by Lemma A.7,

(M_l)kkizl;?21— Z w?

i i>k—ry,

—

The index set is determined by 7 and is therefore independent of w, so > ;o .- w? o X%n /( an + xf_rn). For k > 8y,
(5) gives
Pr(x?, > Xitp,) S Pr(x7, = k/4) + Pr(xil,, < k/4) < de”.
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A union bound over k € [K,,, n] costs 4ne—Kn/8 < 4n~3. Hence almost surely 7 < 2 for all £k > K, eventually.
Second claim, early range. We have 7, < Xy, SO

Z T < ZA 1Vi<k, | < Z i lVi <k,

k<K, J JESn

Each row of V is uniform on the sphere, so ||V} < k||? 4 X%_1/x%. By (5) and a union bound over j, almost surely
maxjes, ||V <k, ||* < 0, = O((r, + Inn)/n) eventually. Hence

— Z 7rk<—+—2u3%0

k<K

Combining the ranges. The middle range contributes at most 26, the part of D(v0) with ¢ < § at most &, and the Riemann
error at most 2/n. So limsup |+ > 7, — D(10)| < 36 for every 4. Finally, GM(A) = GM(12) exp(+ > In ;) and
D > e give the formula for A.

Third claim. Letr, = o(n) and ) ; pu; > cn? for some ¢ € (0, 1] Then m; = 11 > X = D ies., ,ujV]Ql, and
the first column of V' is uniform on the sphere. Since IEVﬁ = m and EV2 V2 = n(n o) for i #£ j, we have
EX? < 3(EX)? with EX = 13 j Hj» so the Paley—Zygmund inequality gives Pr(X > 1EX) > . On this event
m1/n > ¢/2. By the first claim and h < 1, almost surely %Zkz&n e > DY) — 6§ — 0(1). With § = ¢/4, the event
L3 = DY) + £ — o(1) therefore has probability at least 75 — o(1), and on it the formula for A fails by at least
i 51logy(1+ £) — o(1), because D < 1. For a single spike, 71 ~ 11/n.

C.3. Proof of Proposition 4

Let L = In k. Substituting ¢ = T'(s) gives the representation

D) :/Oo Fu(s)By(s)ds, By = v = *Tv_ ©)
0

Substituting w = Lu, as L — oo and for each fixed s > 0:

¢ LTL fO w/L 1+se“’ f( )111(1 + %)’

* LBL(s) = s(ll(-l(i)s);

i AL(S) — %

21In(14+1/s) . and foo 1n(1+1/s)d8 _

(Each by dominated convergence.) The integrand of L?D therefore converges to f(0) s Trs

1 —In(1—
To exchange limit and integral, split (0, c0) at a fixed so and at e~ £ with a = 1/(8|| f||0):
* On [sg,0), AL, > 1+ gives the integrable majorant || f||, /s
* On [e~1% 0], Ty, < 1, so the integrand is at most 2| f||%, In(1 + 1/s), whose integral over (0, so] vanishes as so — 0.

* On (0,e %], the contribution is at most L2hy, (e~7%) < 2L2e=Fe — (, since h is decreasing.

Hence L?D — £(0)?¢(2). Moreover L AM = fOL f(w/L)e”*dw — f(0) and In GM = —LE[U], which give the two
formulas.

—(1—-t)L

The log-uniform spectrum. Here T'(s) = % In sijfﬂ , S0 8¢ = k:tT exactly, and
—(- ">> 2((3)  6¢(4)
—e
L’D = du = ((2 mACANTG AN 10 A}
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wm

For u < L/2, expand (1 —u/L)~? to second order with remainder < 2(u/L)3 and use fooo L du = (m+1)I¢(m+2);
the range u > L /2 is exponentially small. Hence

Avor = % logy & — logy L+ §10g, ((2) + 7 + 15 + O(L ™),

with ¢; = C(gg?&z ~ 1.0543 and ¢y = %W ~ 2.0773. The unrotated gap is exactly ilogQ K — %logQ L+

In
1 logy(1 — e~%). Table C.1 compares these expressions with direct numerical solution of T'(s) = ¢.

Table C.1. Log-uniform spectrum: rotated gap in bits.

K numerical ~ exact formula  expansion to c1/L  expansion to ca/L?
10* 0.634 0.6338 0.5922 0.6166
10° 1.646 1.6457 1.6300 1.6409
10® 2.865 2.8647 2.8568 2.8630
10" 5578 5.5779 5.5747 5.5775

D. Proof of Proposition 5

Rate decomposition. By the entropy part of Assumption 1 and [, &; = 1, the rate is
R(c) 1§ H(Z,) = logs ~ + heot(W) + o(1)
a)=— i) = logy — o o(1).

n < g2 o col

L &2, ..
By the distortion part, log, 2 = 1 log, % + o(1). Combining the two,

1 <2
_ 1 w2 QT
R =3 10g2 T + hcol(W) + 0(].)
For PlainWaterSIC, a?m; = (det 2)1/ ™ for every 4, so the first term is basis independent. For GPTQ, &; = 1, so the first
term involves AM (7). Subtracting the rates before and after the rotation (W, %) — (WQ, Q" 2Q) gives both limits.

Identity and bound. By the definition of negentropy, h(W;) = 1 log,(2res?) — Neg(W;). Hence
heot (W) = £ log, (2me AM(0?)) — U(W).

The column variances of WQ are ¢ Cq;, where C' is the row covariance, so their sum tr C is rotation invariant and
AM(0?) is unchanged. Subtracting gives Cy (Q) = U(W) — U(W Q). Since U > 0, with equality iff all columns are
Gaussian with equal variances, the bound follows. |

When does Assumption 1 hold? Lifar (2026, §3.4) prove both parts for i.i.d. Gaussian rows. The distortion part uses the
flatness factor of the lattice. The entropy part uses three ingredients: SIC decisions of the form Z; = round(W,/(ad;)+e;)
with e; bounded and independent of W;; Rényi’s high-resolution entropy theorem; and continuity of differential entropy
under small independent perturbations. For correlated columns, e; depends on W;.,, which is correlated with ;. We
expect the conclusion to persist whenever the conditional density of W given W 1., is regular, since W; + «e; is then a
mixture of slightly shifted conditional densities. We leave a proof to future work.

Random rotations. For a Haar rotation, each column of W@ is a random one-dimensional projection of the rows of W
Under suitable conditions most such projections are close to Gaussian (Diaconis & Freedman, 1984), and their variances
concentrate at AM(o?). We therefore expect U (W Q) — 0 and Cy (Q) — U(W), but we have not verified the conditions
for real weights. Measured after one round of randomized Hadamard (Appendix E.4), the variance term of /(W @) drops
below 0.001 bit, while the negentropy term remains 0.02-0.04 bit on g/k/v inputs. The ratio Cy, /U(W) has median
0.31-0.88 depending on the layer type.
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E. Experimental Details and Additional Results
E.1. Setup

Models and data. We use Qwen3-1.7B, Qwen3-8B-Base and Llama-3.1-8B-Instruct. The E4 and E6 runs pin the Hug-
ging Face revisions 70d244c (Qwen3-1.7B) and 49e3418 (Qwen3-8B-Base). For Llama they use a public mirror whose
weight, tokenizer and config files are byte-identical to the official release. The E3 Hessians were computed from locally
stored copies of the same models; their revisions were not recorded, but the layers recomputed in E6 reproduce the earlier
values to all printed digits. Calibration uses 128 sequences of 2048 tokens from the WikiText-2 training split (Merity et al.,
2016) (seed 0). Perplexity is measured on the test split.

Hessians. ¥ = E[zz ] is accumulated in float64. The damping is 3 + Al with A = d - diag X and d € {0,1073,1072}.
With d = 0, layers with A, < 10712\ ax are numerically singular and are skipped (18 of 96).

Rotations. Haar rotations are sampled by QR with sign correction. Randomized Hadamard rotations are DH,, (one
round) and D1 H,, D3 H,, (two rounds), where D is a random sign diagonal and H,, is the normalized Sylvester(Z’“) ®
Paley(m) matrix with m € {1, 12,28}. This covers n = 6144, 12288, 14336, with orthogonality error < 2 - 10713, Gaps
are computed from the pivots in the GPTQ order (Appendix A).

Numerical checks. For every basis, 2 3, Inm;, = L Indet ¥ to 3- 107'°. The quadrature for D integrates to 1 £ 10715,
The annealed approximation of Ordentlich & Polyanskiy (2026b) differs from D (vemp) by < 0.008 bit (mostly < 1073).

Compute. The Hessian experiments (E3) took 5-16 minutes per model on one 80GB GPU. The rate—distortion, per-
plexity and lattice-reduction experiments (E4, E6) ran as one job queue on two 80GB GPUs for 3 hours. All synthetic
experiments ran on CPU.

E.2. Synthetic spectra (E1)

Table E.1. Error of the limit of Theorem 1, A, — A(v,,) in bits, averaged over seeds. “had1” is one round of randomized Hadamard
applied to a diagonal ¥, “had2” two rounds.

spectrum A(v)  no rotation Haar had2 hadl

n = 256 8192 256 8192 256 8192
two-point ¢ = 0.10,e = 107> 0.890 2.830 +0.0167 —0.0001  +0.0305 —0.0000 —0.0221 —0.0751
two-point g = 0.22, e = 10™*  2.563 4.090 +0.0008  —0.0004 +0.0044 —0.0004 —0.0385 —0.1469
power law 3 = 3, e = 107* 0.397 1.043 +0.0040  +0.0002 —0.0023 +0.0002 —0.0072 —0.0239
log-uniform, € = 10~* 0.634 1.720 +0.0093  +0.0003  +0.0082  +0.0003 —0.0186 —0.0394

Marchenko—Pastur, ratio 0.25  0.0025 0.099 +0.0008  +0.0000  +0.0008  +0.0000 —0.0000 —0.0000

Under Haar rotations the relative error of the mean pivot decays with fitted exponents —0.81 to —1.14, and the pointwise
relative r.m.s. error with exponents —0.51 to —0.59. Two rounds of Hadamard are indistinguishable from Haar for n >
2048. At n = 256 the seed-to-seed standard deviation of both reaches 0.03 bit, which covers their difference in Table E.1;
for the two-point spectra the order is reversed at n = 512. One round applied to a diagonal 3 does not follow Theorem 1:
the random signs commute with 3, so only a fixed Hadamard and a permutation remain. The resulting gaps are 0.02-0.15
bit smaller than the Haar limit and do not converge to it. This setting needs separate treatment; on real (non-diagonal)
Hessians the effect is small (Section 7).

E.3. Real Hessians (E3)

Without damping. At d = 0, which is the setting of Ordentlich & Polyanskiy (2026b), the Haar gap of non-singular
layers has median 0.070, 0.054 and 0.029 bit for the three models. Between 71% and 78% of these layers are below 0.1
bit. The layers above 0.1 bit are mostly o_proj inputs: 7 of 8 blocks for Llama, with a maximum of 0.63 bit.

Two rounds of Hadamard. The “Hadamard” column of Table E.2 is one round. Over all 270 (layer, damping) pairs,
two rounds are within 0.01 bit of the prediction on 98%, and every exception is an o_proj input. On the other input types

the two-round gap exceeds the prediction by 10~% to 0.006 bit, as under Haar. On the 72 o_proj pairs it lies between 0.048
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Table E.2. Gaps in bits at damping 10~2; each cell is the median over 8 blocks. “natural” is unrotated GPTQ in the natural order, “PCA”
the worst basis, and A* (k) the worst case at the layer’s condition number.

model input K A(Vemp) Haar Hadamard natural act-order PCA A*(k)
Qwen3-1.7B q/k/v 5.1e4 0.039 0.041 0.039 0.238 0.076 1.15 3.48
0_proj 2.9¢e4 0.081 0.082 0.081 0.271 0.192 1.07 3.17

gate/up 5.7e4 0.026 0.026 0.026 0.130 0.023 0.85 3.55
down_proj  2.7e4 0.057 0.057 0.056 0.341 0.229 0.78 3.11
Qwen3-8B-Base  q/k/v 6.8e4 0.040 0.040 0.040 0.261 0.077 1.08 3.65
0_proj 3.7e4 0.070 0.071 0.075 0.212 0.146 1.00 3.28
gate/up 7.0e4 0.020 0.021 0.021 0.072 0.013 0.65 3.67
down_proj  1.3e4 0.044 0.044 0.043 0.295 0.176 0.67 2.71
Llama-3.1-8B-I.  g/k/v 4.9e4 0.030 0.030 0.030 0.180 0.085 0.85 3.46
0_proj 4.4e4 0.091 0.092 0.093 0.247 0.147 1.26 3.40
gate/up 9.3e3 0.018 0.018 0.018 0.030 0.012 0.49 2.52
down_proj 1.2e4 0.024 0.024 0.024 0.137 0.065 0.57 2.69

bit below and 0.0003 bit above the prediction, and it is smaller than the Haar gap on every one of them. The cause is that
for n = 2F the Sylvester matrix factors as H,, /128 @ Hiog, aligned with the 128-dimensional attention heads, as the next
paragraph shows.

Random permutations (E8). We collected the same Hessians again; the Haar and two-round gaps agree with E3 exactly.
On the 24 o_proj inputs we compared variants of two rounds, with 8 seeds each, at damping 10~2; the other dampings give
the same picture. Let d be the gap minus the Haar gap. Two rounds give d < 0 on all 24 layers, with median —0.0025 bit.

* Breaking the alignment removes the advantage. With a uniformly random permutation of the inputs before Dy, d < 0
on only 11 of 24 layers, and the median is 0.0000 bit. A uniformly random GPTQ order after the rotation has the same
effect (16 of 24, median —0.0001 bit).

» Permutations that keep the blocks do not. Permuting the coordinates within each head, or permuting whole KV groups,
leaves the median d unchanged (102% and 100% of it). Permuting whole heads, which separates heads of the same
group, leaves 58%.

* Fake Haar rotations. The rotation of Proposition 7(ii) and its independent version give gaps above A(Vemp) on all 24
layers at every damping, by at least 0.0003 bit. Two rounds are below it on 21 of the 24 layers.

The fake Haar gaps are below the Haar gap on 21 of 24 layers, so our pre-registered sign test, which had no threshold on
the size of the effect, classes them as different from Haar. The median difference is only 0.0001 bit, against a Haar seed
standard deviation of 0.0003 bit. The gq/k/v inputs, which have no head structure, show the same small difference. On all
input types other than o_proj, the fake Haar gaps are within 0.005 bit of Haar on at least 98% of the (layer, damping) pairs.

Last, we kept only the diagonal head blocks of each o_proj Hessian. At the real n, these block-diagonal matrices reproduce
the advantage, with median d = —0.0025 bit. We then drew blocks with replacement to grow n from 1024 to 16384. The
median d fell from —0.0029 to —0.0003 bit, with fitted slope —0.87 in log n. KV-group blocks give —0.0030 to —0.0005
bit, with slope —0.67. So the advantage of two rounds on o_proj inputs appears to be a finite-n effect of the head alignment,
and gives no evidence that they violate condition (L) of Appendix A.5.

Act-order versus rotation (E7). We collected the same Hessians again (they agree with E3 to 10~ !° relative error) and
computed their eigenvectors. At damping 1072, act-order beats the Haar rotation on 26 of the 96 layers. We tested three
explanations, with criteria fixed before the run.

* Axis-aligned outliers. For the top eigenvector vy, the ratio ||v1||o/||v1]|2, divided by its typical value y/21Inn/n for a
random unit vector, has median 4.9 on these layers and 5.9 on the others. Across (winning, losing) pairs of layers it
is larger on the winning layer only 39% of the time (54% within gate/up inputs). Measures based on the top 1 to 16
eigenvectors give 33—-47%. Exact alignment would in fact favour rotation: a coordinate uncorrelated with all others has
pivot X, in every order.

* Outlier eigenvalues. Clipping the top r eigenvalues to the (r + 1)-th, with the eigenvectors kept, leaves all 26 layers
winning, both for 7 the number of eigenvalues above 100 times the median and for » = [0.01n]. The rank correlation of
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the advantage before and after clipping is at least 0.99. With r the number above 10 times the median, 20 of the 26 still
win.

* Ordering. The order matters on every layer: reversing act-order costs a median of 0.25 bit where act-order wins and
0.31 bit elsewhere. Ordering by leverage in the top eigenspace gives within 0.02 bit of act-order on every layer. So the
ordering effect does not single out these layers.

One quantity does separate the layers: the fraction of the spectral spread that is visible on the diagonal, that is,
%logQ(AM /GM) of diag ¥ divided by the same quantity for the eigenvalues. Its median is 0.31 on the winning lay-
ers and 0.49 on the others, and it is smaller on the winning layer for 78% of the pairs. Within each input type that has
winning layers the figure is 75-84%, but one side then has only 3 to 5 layers. We had listed it only as an auxiliary measure,
so this finding is exploratory. The results are similar at dampings 10~ and 0.

The direction may seem odd, since act-order sorts by the diagonal. A decomposition we made after seeing the data suggests
why. Write the advantage as A,ct — Agaar = (Anat — AHaar) — (Anat — Aact), where “nat” is GPTQ in the native order.
The first term, the excess of the native basis over a rotation, has median 0.057 bit on the winning layers and 0.186 bit on
the others. It is smaller on the winning layer for 90% of the pairs, and for 83-84% within each input type. The second
term, the gain from ordering, is not larger on the winning layers: the medians are 0.066 and 0.104 bit, and it is larger for
only 29% of the pairs (o_proj inputs are the exception, at 82%). So act-order wins where the native basis is already nearly
as good as a rotated one, not where ordering helps more. A rotation flattens the diagonal, since a Haar-rotated X has all
diagonal entries close to AM(v). Where the native diagonal is already flat, a rotation therefore has less to gain. Act-order
uses only the order of the diagonal entries, not their spread. Accordingly, the diagonal fraction has rank correlation 0.75
with the first term. This is a description, not a test, because the two terms add up to the advantage by construction.

Distortion side of the high-rate formula. With per-channel AbsMax INT-b quantization, the ratio of the measured layer

loss to ‘f—; > Tk after a rotation is 1.000 (range [0.996, 1.004]) for b € {3,4, 8}, and 0.81-0.85 for b = 2. Without rotation
it already deviates at b = 3.

E.4. Rate side, weight-side cost and perplexity (E4)

Methods.

* Entropy-coded GPTQ (Huffman-GPTQ): common step, no clipping. The rate is the mean per-column empirical code
entropy with Miller—Madow correction (ideal entropy coding, codebooks not counted).

* PlainWaterSIC: steps a; = an;lGrM(Uu7 oy Unn).

* Rate gap: horizontal distance between rate—distortion curves measured on a grid of nominal rates 1-7 bits, on 8 blocks
x 4 input types per model.

* Fixed rate: INT-b with group-128 AbsMax scales and clipping.

 Perplexity: sequential pipeline in which each block’s Hessians are collected on the outputs of the already-quantized
blocks, with rate matched to +0.01 bit by a secant search on the step.

Table E.3. Equal-distortion rate gap at R = 4 (bits; median over 8 blocks), predicted / measured. “Weight-side cost” is CY, for one
round of Hadamard (Proposition 5).

model input no rotation act-order Hadamard (same basis)  weight-side cost C',

Qwen3-1.7B q/k/v 0.238/0.236  0.076/ 0.075 0.039/0.039 0.019
0_proj 0.271/0.265 0.192/0.189 0.080/0.079 0.036
gate/up 0.130/0.128 0.023/0.022 0.026/0.026 0.012
down_proj  0.341/0.338 0.229/0.228 0.056 /0.055 0.034

Llama-3.1-8B-1.  g/k/v 0.180/0.179  0.085/0.085 0.030/0.029 0.010
0_proj 0.247/0.244 0.147/0.145 0.094/0.092 0.032
gate/up 0.030/0.030 0.012/0.011 0.018/0.018 0.005
down_proj  0.137/0.136  0.065/ 0.065 0.024/0.024 0.006

Estimating C, from the weights. C, is estimated from RTN code entropies at a common step on the original and
rotated weights, without the Hessian. Over 64 layers, its deviation from the measured value at R = 4 has median 0.0008
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bit and maximum 0.034 bit. The variance part of CY, (the change in the column-variance AM/GM term) is 0.001-0.026 bit
and the negentropy part 0.003—0.013 bit (medians per layer type).

Fixed rate. Atb =4 and b = 3 with group-128 scales:

» Without rotation, the distortion is higher than with Hadamard by 0.13-0.29 bit-equivalent (median).

* WaterSIC column multipliers inside the group format change it by 4+0.002 to +0.008 bit in the Hadamard basis and by
+0.21 to +0.37 bit in the original basis.

* Entropy-coded GPTQ with Hadamard reaches the distortion of INT-b with Hadamard at 0.78-0.96 bit below the nominal
rate b + 0.125.

Table E.4. WikiText-2 perplexity, all decoder linear layers quantized, calibration seed 0. Rates include side information (scales: +0.125;
PlainWaterSIC steps: +0.003-0.006; asymmetric INT zero points are not counted). bf16: Qwen3-1.7B 16.72, Llama-3.1-8B-Instruct
7.22.

configuration bits Qwen3-1.7B Llama-3.1-8B-I.
entropy-coded GPTQ, no rotation 2.01/2.50/3.00 152.95/30.26/23.53 41.37/30.13/12.81
entropy-coded GPTQ + Hadamard 2.01/2.50/3.00 26.93/19.60/18.56 11.18/8.55/7.85
PlainWaterSIC, no rotation 2.01/2.51/3.00 26.06/19.44/17.31 10.37/8.45/7.76
PlainWaterSIC + Hadamard 2.51 19.69 8.61

INT3 g128 sym, no rotation / + Hadamard 3.125 62.32/23.44 21.15/9.64
INT3 g128 asym, no rotation / + Hadamard 3.125 49.87/20.12 21.26/8.45
INT4 g128 sym, no rotation / + Hadamard 4.125 20.36/17.45 11.97/7.52
INT4 g128 asym, no rotation / + Hadamard 4.125 19.04 /17.27 8.65/7.44

Calibration seeds. For Qwen3-1.7B with seeds 0/1/2:

e 3 bits: GPTQ+Hadamard 18.80 + 1.14, PlainWaterSIC 17.33 4 0.02, PlainWaterSIC+Hadamard 18.21 + 0.05 (seeds
1,2 only);

* 2.5 bits: GPTQ+Hadamard 20.05 % 0.54, PlainWaterSIC 19.98 + 1.06, PlainWaterSIC+Hadamard 20.47 £ 1.19.
Rotating PlainWaterSIC is consistently worse, in the direction predicted by Cy, > 0, but by more than the measured C',
alone would suggest. Error propagation in the sequential pipeline may contribute; we have not tested this.

E.5. Column ordering after rotation (ES)

For Haar-rotated spectra we compare the mean pivot under the natural order, under act-order (static order by diag ), and
under greedy min-pivot (SQRD (Wiibben et al., 2001)). On five synthetic laws with n = 256-8192:

» The saving of min-pivot over the natural order fits C,n® with b € [—0.52, —0.49], with relative residual ~ 5%. A
v/Inn/n fit has residual 18-27%.

» (), ranges from 0.04 (Marchenko—Pastur) to 5.7—6.7 (two-point).

* Act-order saves a constant fraction (1/1.6 to 1/1.07) of what min-pivot saves.

On the 96 real spectra at native dimension, min-pivot recovers a median 18% (range 7-38%) of the rotated gap, i.e. 0.002—
0.043 bit. Act-order recovers about half of that.

E.6. Basis gap: lattice reduction and certificates (E6)

We use Qwen3-1.7B blocks 0 and 27, and blocks 0, middle and last of Qwen3-8B-Base and Llama-3.1-8B-Instruct, with
four inputs each. On these layers we computed the following quantities for ® = ",

* & for the natural order, the min-pivot order, and min-pivot followed by full LLL with 6 = 0.99 (for n < 4096, capped at
600 s);

+ the AM—-GM lower bound n(det X)'/™;
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* a covering-radius certificate I' > maxy, opmin (A 1)2 > jer T where [ is the set of the last ¥ Gram—Schmidt coordinates
and A the unit-triangular factor.

The results:

¢ LLL. After min-pivot ordering, full LLL reduces ® by at most 0.37% (< 0.003 bit) on all 24 layers with n < 4096. The
only reductions above 0.012% occur on o_proj inputs. The transformation matrices have entries |T;,| < 7.

* Group-respecting orders. Orders that keep group-128 columns contiguous increase ®, and the INT4-g128 loss, by 3—
53%.

* Certificate. The certificate exceeds the AM—GM bound only on Llama block 0’s q/k/v input (1.035x). Elsewhere it is
0.03-0.39x the bound, and between 0.03 and 0.31 of ®yin-pivot-

The remaining gap after ordering is therefore not removable by basis reduction in practice. How it splits into basis and
lattice components on real Hessians cannot be decided with this certificate.
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